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ABSTRACT

A olassification of particles 1s suggested based on
~
a U(12) symmetry schems. This is a relativistic generaliza-
% and 3/2 baryons are

i
<

tion of the U(6) symmetry. The spin
each described by 20-component spinors which satisfy Bargmann-
E’igner equations and belong to ihe }éﬁ representation of the
U(12) group while the vector and p.s. mesons belong ito the
representation ;&;. The procedure for writing fully .
relativistic form facters is worked out in detzil for Baryon—

Zleson and ‘eson-~ ‘eson cases.

The new results are tre following:

FS(g?) x
(1) EM(2') oc (l + 1 ) where Fcand FM.ro
% KGfm
{Sachs) electroumaznetic form factors.
1m _ o _
(2) H’ =1+ (?I) ' wnere(p) is the mean nass

of the 1~ multiplet.

(3) P?, K = 3.

Te cgonventional results can be recovered by projecting o the

nositive energy sub-space in the rest system for eack particle.




1 . INTRODUCTION

The problém'of finding a relativistic generalization of the
U{8) group structure has enguged considerable attention recently l).
In an earlier paper ~/(I) it was suggested that one way to write
relativistic S-matrix elements is to embed U(6) in a.%RlZ) gToup-
structure. The present paper gives the detailed formalism for
writing relativistic S-matrix elements in this theory. In
particular we compute the two basic baryon-meson and meson-megon
form factors. The generalization of the symmetry irom U(6) to

~
U(12) gives the following new results!

1. There is essentially just one relativistic form factor in

strong interactiion physics of the octet baryons and the
(1*)and (0 ") mesons. The relevance of this result to
the convenitionzl nucleon electric and magnetic form

factors is discussed in Section 6.

2. In Bohr magnetons the magnetic moments of the protbn and

the neutron are?

o |
Hﬂ = "'% (i*’l&).

m -
where X = Zﬁ) and {pY is the mean-mass of the (17)

maltiplet. The experimental magnetic moment values
are well reproduced if {MU» * 1000 MeV ., This mass-

i+ 2x

value is not far from the mean of M, , m,, , My ete.

The formalism describes both the spin # and 3/2 baryons
as 20-component 2) composite entities made from the basie
4~component (Dirsc) quark 3). . In Section 2 we describe the
3'(12) Algebra; in Section 3 are computed the form factors
incorporating full 'I‘J,(12) symmetry. _In Section 4 we specialize

to the reduced symmetry group U(3) x ;[4_




r3

(where EC* refers to the homogeneous Lorentz group),
the inhomogeneous Lorentz Group (IJw )being considered
in Section 5. The reduction of the ﬁkl?) symmetry to
U(3)x (Ii_4_) in Sections 4 and 5 correctly reproduces
the final physiccl symmetry situwtion, and gives the

relativistic expressions for the baryon form factors in

& fundamentelly broken U(6) symmetry scheme. The exact
U(6) symmetry cwun be recovered from our expressions in

the limit of zero momenta.

et
2. U(i2) AND ITS SUBGROUPS

We assume that the fundamental entity for sirong interactions
is & l2-component (Dirac) auark., The group stm’zcture %,(1.2) is
defined by the algebra of tha 144 matrices F Re TRT:

R = 1, ..., 16: i = @, -... 8. Here,

Y= 4 v, s n ) ) ings , s

with Te hermitiaan and 1 antihermitian and the metric (1, -1, -1, -1).
The general ’13"(12) transformation on tke guark field A.PA = “Ppu )
(p =1,2,3; & =1, 2, 3, 4) will be assumed to be

- ) P 3 S ) ' § p
Sl\hd = *(G *esTs-*er'X}t*"er«sTt’Ys *"kérvo_r“)“x (2.1)
¥ (Ts)%"}’q’p
‘ - 1
where all 144 ¢ ‘sl are real and this property leaves AP'*’ = l+ “{c"P
invériant.

" .
For higher representutions of U(l?)(made up compositively

from quarké) the transformation (2.1) will take the form

- - .) .} \) " ‘J 'J "J '} .) f)
bF = i(F relFyeelFl veliFl aiewqﬂ)@m)




The general commutution rules of the generztors F are listed

in the appendix., The guzdratic Cesimir operztor is

el ) ) Y o ) ) 2) &)
PP - FoPe v 3PP v PPl - Frs B

4
Inspection of the commutators for U(12) reveals that a .
72-component subalgebra is generated by the operators 7 , F 3 ’
- 1) 5

F FL . This is the subgroup W{6) and in the fundamental
representation hus the generators Td, Tg T, and (Tb,'rj .

The expressions

T E) ! |
FrFPe - Frs Frs and

. - ~ )

) )
PIF - PLFL ¢ 5 FLPL

are now separately invariznt under W(S)._Note taat ﬁ(é) possesses the
important 36-parameter sub-group U(6) (T‘G_abJT‘ 5 4’5-1’2’3). This will
later be identified with the T(€) of Glirsey, Radiceti and 3akite.

3, S0ME REPRESENTATIONS OF U(12) AND TEEIR DECONMPOSITION

A . The fundamental representation of 5%12) is the 12-~combonent
quark discussed above. Following the usual procedure we
assign to this quark the baryon number B = 1/3. The baryons
are then to be constructed from three quark states and the

mesons from guark-antiquark states.

- ~
These states decompose under U(12) in the following

way

L

2@x = L o+ 14

12@®12®12

|

(3.2)
220 + 364 + 3572 + 572

il

The 220 is completely antisymmetrical, the 364 completely
symmetrical and the 572 is of the mixed symmetry type (z,1]




B.

Under the subgroup iu’{é) these states reduce according

to
143 = (35,1) + (6,6%) + (6%,6) + (1,35) + (1.1)
220 = (20,1) + (15,6) + (6,15) + (1,20)
(3.2)
364 = (56,1) + (21,6) + (6,21) + (1,56)
312 = (70,1) + (21,6) + (6,21) + (1,70)

Under the subgroup SU{3)@ SU(4),'where SU(3) refers io
the space of unitary spin matrices T%, and SU(4) to that of

the Dirac matrices YR s, the contents are given by

143 = (8,15 + (1,15) + (8,1)
220 = (8,20) + (10,4) + (1,20)
(3.3)
364 = (10,20') + (8,20") + (1,4)
572 = (10,20") + (&,20) = (8,20') + {1,20") + (8,4)
where in ewch bructet the first number dencies the SU(2)
representation and the second the SU(4) repgresentation. The
three SU(4) representiticns dencted here by 20, 20' and 20"
are of symmetry types [l?'}, [37 and [2, i] respectively.
de note also the raduction of the products
143 143 = 1+ 145 *1-43;‘4212 * 2005 + 5003* + 5540
1+ 143 + 5940 + 126412 _ (3.4)

364 + 572 + 16016 + 35100

=
.
s
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|
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Since it is our intention to assign the baryon to the 164, .
we compute #he expectation values of the 144-vector (T"T'} )A

between 364 states, namely




. —_ c N A’
:TR; - @AB (TRT})A @A‘BC (3.5)

where {ABC is fully symmetric and has the SU(3) % olUig,
decomposition

'%drﬁ‘w“ . :Det;w,rv + Cper Viupr

s S N
+4 Qj_t (G‘";S Nfd@]‘f,r + E.'rs NcFr']d":"'errs Nf‘fﬂp,JB .6)

Here (o , po 1’) teke the values 1, 2, 3, 4 and (p, q,r) the

cadues 1, 2, 3. vl:&h‘] is completely antisymmetric, '])_(P,("V .
is completely symmetric in both ®fY and P4T and N

e e pliy,”
is of the symmetry iype L2, 1) ; AL

cepIy ¥ tha'jr =0, (3.7)

Ntd[ﬂw( + N[(y‘j,{ + Ntfd’.\(l = O

N

After some algebra we Tind (specializing to 1 ;4 0 so that

(9} - 0,
TRi L F e (g 8)F (r‘);' LI
vk [:"s.*vr G, ey Negrgs *
$ONETE P RN Dy yar )
¢ [T gy TN )

- — o)y 4, R) i
5_‘"4_ (N ¢ ('.Y ).c NC«'(&};‘)

3D +5F

| TR LA i
* E(N 9 h’ )d N@'ﬂﬁ*)n+1F (3.8)




where

{3.9)

Fotfice tne .pperrince _% fhis stagze of the charscigrisilic
combinations D + <P und 3D +

the 8-fold boryons,

T

P for tne forn factors invelving
(N1

N
4 , REDUCTION CF U(4) TC THE HOMOGENEQUS LORuNTZ GROUP ;[4_ .

A, We now specificully consider the space~time symmeiries. So
f2v 41 has been assumed ihat in its space-time behaviour, the

~f B N
fundamental {—component UG(4) entity ’\.l/d transforms as
6
’\l/u: - Sd 'J/ﬁ
where

Si = {4 (ésTs + €Ty 4 ‘.GPTTF’!; + -;—_elw O"rv)f‘ 4){‘ (4.1)

—

with ,Q/ fransforming as !Q:d - :P—(s [SH’)‘;

Jith € 's real, these transformztions preserve the invariance

Fad
of ap% '\k‘ . The higker representations ng_ibf;" of U(4)

transform &s

C SR L S M b s

The symmetry represented by (4.1), however, is %oo general.




In space-time terms it corresponds, uas is well known, to the
full conformal group symmetry Cp . To mzke contact, however,
with physical space-time symmetries of (et this stage) the

~
homogeneous Lorentz group we must descend from U(4) to i‘_.

sre are a numcer of ways of doing this which are not all
necessarily egquivalent so fur as the underiying physics is

concerned ws will be discussed in Section 5.

Disregarding " the problems connected with
unitary spin, clearly the most direct symmeiry reduction is

achieved of course by tuking

es = e)’ =z €

Fa'd
¥ow as is well=known for this case (thoush not for UMl)

one can define an inti-symmetric matrix (C—l)up (within the
Dirac Algebrz) with the defining property that ¢t A]/T

transforms similarly to ¥ . (Eere s]JT is the transpose of ¥ .)
In particular, C'INPT'\P sjust like AY ¥  is an inverisnt,
Clearly from the definition above, the anti-symmetric mairix

¢t - C"l)uﬁ = - (C“l)c‘M plays the role for oc4_ of the
metric tensor. We may regard (C"l)""‘3 as a contra-variant
quantity (with two upper indices) and its inverse C gy, &s the
corresponding co-variant (C «p (C-'l)‘s‘r = SI ).

4

It is easy to show that the matrix C with the defining

property above > can be realized by finding a matrix satisfying
(TY‘ C)a‘; * CYP‘ C pat

whtre (’{Pc)dﬂ = (Tf"): CY@'

it is also easy o show that the 16 Diruc matrices (YRC).‘

fall into two distinct classes; tThe matrices (YI’C}‘*(’ and
Al

( G’PV \J)«r‘

are anti-symmeiric, For writing symmetric and anti-symmetric

sre symmeiric, and Cgg ('}’50)_{? . (L YpYe C)“‘3

higher rank "spinors" in i“_ these are the primary quantities

one needs.




To illustrate consider lLwo examples:t

(1) Multi-Svinon of Runk 2

A second-rank symmetric spinor must have the form:

§{«fl = [(Trc)“’r M Li(w!“’c)q’*“’_}“ﬁ (4.3)

Likewise the general anti-symmetric spinor has the form:

é:«p = T_C4’ ¥ (756)4’; + *‘(Tr“(s c) 4’,6]‘@ (4.4)

(2) Fullv Svmmeiric Spincr of Rank 3

Consider @dh with full symmetry in &, (5 y Y -« From
symmetry in “‘ snd (1 , one may write q in the form

’_X_rup,, = “k*r (rrc)[” A 2 (0‘«C)ﬁ, (4.3)

We now show %tu.t full symmeitry in o , F 'Y is realized

provided

Tr*l‘“ = é (4.6)
Yo b + <Yy = 0 (2.7)

- -1 o
Por, the three unti-svmmetric tensors (C 1)1“ , (C Ys )T

sl gy

and (iCm1 Yr‘YF )T“ mist annikilate 'g aPT .

This gives:

- ’“P‘*r(’fr); + %."}’et}w (o "); = 0
4)“?‘ (TPTS)? * li"}'dyw CO-I'W Ts)‘; = 0
Yap CRNT)S + §dap (G ads)y = o

Suppressing Dirac indices, the first two equations give (4.6)




1

Note thet as a result of G6) wnd W]} the 40-component

entity on the right side of (4.5) contains only 20

and O”l,w “PI'“‘ = 0 ; and the last is eguivalent to (4.7}.

independent components,

(3) Mixed Spinor of Rank 3

The Z0-component tensor @Eip:\f wanich satisfies the
61

"trace! condition

icu(s'n ' \-‘}{Lfrﬂ(& ¥ §Epf]u = 0 (4.8)

can necesgsarily be written in the form

’Icggp']a‘- = (YS C)aﬁ "P-{ ¥ ‘.(YrTSC)“P"Pr + Cu‘; ‘<,‘. (4.5)
The mixed symmetry characier of @ yields the constraint

Wsd ¢ 4TV, - K =0 (4.10)

: ~]
This follows on multiplying (4.8) by (C l).F

~S (s
B, To return to U(l2 , Wwe now decompose xll irreducible U(l?)
higher representations relztive tc the representations of U(3)®at4,
maintaining the over-zll symmetry. Thus for the (8 x 20") part of

the 364 representation, we write
2 % ¢ . Y

The contribution of N to the currents (3.8), namely

Caple P

g (N) =7 ;‘f]_ (ﬁ CF‘HQ}' R): Nc.ugw) * ili (ﬁtﬁjY(Yn): Ntu’-{‘]ll)

1b +SF P +IF




may be now written out in terms of N and Nl“' Thus

TN = g GRN “ [E"YVN - ET%“NV‘) £ Ny Th Ve Ny FNI'NI’“JF

. S — '
jr(N) = %(NFN . NNI“)F-‘&» - :
L

J:w (N) = %U‘-rNV - EVNP);—m t
+.E.[1"ﬁa’,..,N + L (N, Ta T N-Na. Yata) + NyThw Ny # X

+ MY Ty T Ng]sn $1F

3]:: (N) =-¢ (Nys N+ NpYs N+ 4N, Y505 Ny - LN s hN?\)s;wF

- b 2 ([p¥sN + ANy )« (M0 T 1eN ERTS AN
-0 (_ﬁp\'s“b“h “ﬁtYAYSNY‘) - iﬁ".rr‘TsN"*

L'_" * ENY)\Y{*TS Yv NV

=~ 3p+IF
-J‘S‘LN) = - {‘— (1?4“ YsN * iﬁrYrYsN ""‘GTST\'-“?")GMTF

— - L
+ )\X‘;N?« ¥ leﬁ?s YPNI“)D*;F

LA
¢




A,

Note now that aiready the sacrosunct combinations 3D + ZF
and 3D + 5F of U(12) have disappeared, being replaced by

their various linear combinztions.

THE INHECMOGENEQUS LOREHTZ GROUP A'D THE FINAL EXPRESSIONS FCR
THE FCHM FACTURS

The work so fur hes been concerned with purely static
considerations. We Lhave computed the expectation values of
matrices YR between (the homogeneous Lorentz group) multi-spinors
of various symmetry properties. The formalism can hzve no
physical content till these spinors are made to represent
physical particles, i.e., till the formalism assures‘that they
correspond to the representations of the inhomogeneous Poincare
group., One needs therefore, at this stage, some eguations of
motion which the spinors qdﬂ’r ... must satisfy., This
essentially is the point of departure of our work in comparison with

-

other approaches to the problem and was stressed strongly

Among the wvariety of higher spin egquations available, we
shall choose the simplest, and the least restrictive (though in
many ways the most profound) set of equationst We generalize
the Bargmann—WignerT>approach t0 the representations of the
inhomogeneous Lorentz group. The approach works with the

equations

WIS Bupre B = m Ty 9)

)} .. )

]

™ \quy._(y) . (5.1)




- 12 =

These describe particles of (a) one definite mass m, (b)
one definite copin (provided Qafgag._ is & spincr of a
definite symmetry type), (¢) the soclutions of the squations
pose no problems of negative encergies or indefinite metrics
and (d) the hicher spincrs transform "visibly" as direct
products of the fundamental guark which satisfies Dirzc's

eguation )’a}« = (.

We now cyumine the implications of applying these

equutions to the spinors of rank 2 a2nd 3 considered previously:

(1) Spinor of Rank 2

Write

§i = [4> + Ys ‘}’5 + ;ThTs 17}“5 L P + o, J,a-,]g (5.2)

From
W)l - B, WL - -
Wwe deduce .

4: = O
br¢s = "M<bl“g / t‘rd’f\f = ““'“(l’s
br-‘bv - b ¢r~ = “"‘<l>r\v , h "’vr - """“b,*

(5.3)

Thus { &5, 4’l*5 ) together describe ) = 07 particle ~

and ( d‘) ' 4;.“) describe a 1 perticie. The relution of
the second-rank spinor with whet is essentially the Kemnmer
theory of spin zero and spin one psrticles was first pointed
out by Belinfante}O)Note thet the assumption that the tensor
§f (P) transforms as o quark-antiquark composite
A}"[P) ;;ﬁ(b) (with no relative momentum) fixes the

9)

parities of the mescns unambiguously .




(2) Fullvy Svomeiric Soinor of Rank 3

Cn account of full symmeiry the three equations can be

)
W

collapsed into a sing eguaztion

(’\f
(F By = m Ty

Substituting the expressiocn . 4.5 ) into this equas
- /
\

. . N -l &
contracting it with (&7 8V, (¢ 1-..,_) P oana (¢

we find

(5.4}

- t ' . -
i’v"i’vr = - UMY ) ‘L”'f"}/v - bu"?}r =t %w (5.5)

It is simple to show, moreover, thal «Q?‘ qyﬁﬂ satisfying
(4.6 ) ana (&.7) give a fully symmeirical €§«p7-- Thus

the system is entirely cguivulent to the Rarita-Schwinger
1) R .
11) for a purticle of spin 3

formalism 3
2

x

(3) Mixed Spinor of Zrak 3

Applied to Tg. (#&.9), the first eguation of motion

-

..;1" - y
(if), "i’oc(s'r’ = Ry
gives simply
{\i:«-m)&}/r = (}!'m},\g} = (}{"’W\)K = bO. (5.0

ot
3
b
2
-&
v

‘d‘ —
. . o iy . \
while soe oinar dair of equations {y}d ﬁy“’?Y

give the r&ations
K = © y; t)i“mlb" - IJ"’\PE* = ° (5.7)







