
lc/65/l

INTERNATIONAL ATOMIC ENERGY AGENCY

INTERNATIONAL CENTRE FOB THEORETICAL PHYSICS

U(12) AND THE BARYON FORM FACTOR'

'A. Delbour£co

Abdus Salam

J, Strathdee

TRIESTE

15 January 1965

*To "be published in the Proceedings of the
Royal Society

.A,,-, S ̂  Cf~'--r.

15̂  .'

t, ,



IC/65/1

'INTERNATIONAL ATOMIC ENERGY AGENCY

INTERNATIONAL CENTRE FOE THEORETICAL PHYSICS

U(l2) AND THE BASYO1T FORM FACTO2*

E. D el "b our go

Abdus Sal am

J. Strathdee

TRIESTE

27 January 1965

*To be published in the Proceedings of the
Royal Society



10/65/1

In p l a c e of E G . ( 3 . 6 J r e a d s

In place of Sq- (3.S) read :

In p l a c e of E ^ s . ( 5 - 1 0 - 5 - 1 6 ) r e a d
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For Eq. (6.6) read:
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ABSTRACT

A classification of particles is suggested based on

a U(12) symmetry scheme. This is a relativistic generaliza-

tion of the U(6) symmetry. The spin v? and /2 baryons are

each described by 20-component spinors which, satisfy Bargmann

Ifigner equations and belong to the 364 representation of the

U(12) group while the vector and p.s. mesons belong to the

representation 1^3• The procedure for writing fully

relativistic form factors is worked out in detail for Baryon-

".leson and :-!eson- ieson cases.

The r.o">r results are the following;

/

(Sachs) electromagnetic form factors

(2) Ui s I + j—: vrhere is the mean aass

(3)

of the 1~ multiplet

= 3.

The conventional results can be recovered by projecting to the

positive energy sub-space in the resx system for each, particle



1 , INTRODUCTION

The problem- of finding a r e l a t i v i s t i c generalization of the
U(6) group structure has engaged considerable at tent ion recently .
In an ear l ie r paper ( i ) i t was suggested that one way to write
r e l a t i v i s t i c S-matrix elements i s to embed U(6) in a U(12) group-
s t ruc ture . The present paper gives the detailed formalism for
writing r e l a t i v i s t i c S-matrix elements in th i s theory. In
par t icular we compute the two basic baryon-meson and meson-meson
form fac tors . The generalization of the symmetry from U(6) to
U(12) gives the following new resul t s*

1. There i s essent ia l ly just one r e l a t i v i s t i c form factor in

strong interaction physics of the octet baryons and the

U~)and (O~) mesons. The relevance of th i s r e su l t to
the conventional nucleon e lec t r ic and magnetic form
factors i s discussed in Section 6.

2. In Bohr magnetons the magnetio moments of the proton and

the neutron are»

l l —\

where X » 271*% an<* ^ ^ 7 ^ s ^^e mean-mass of the \1 )
mul-tiplet. The experimental magnetic moment values
are well reproduced if ^\k"y 35 1000 ŴV . This mass-
value i s not far from the mean of Wl* , w>to , fi\. f e t c .

The formalism describes both the spin ^ and 3/2 baryons

a.s 20-component ' composite en t i t i e s made from the basic

4-component (Mrac) ciuark . v In Section 2 we describe the

U(,12) Algebra* in Section 3 are computed the form factors
/*/

incorporating full U(12) symmetry. In Section 4 we specialize
to the reduced symmetry group U(3) x



(where &.. refers to the homogeneous Lorentz group},

the inhomogeneous Lorentz Group (.IJL̂  )being considered

in Section 5. The reduction of the U(12) symmetry to

U(3)x (14.4.) in Sections 4 and 5 correctly reproduces

the final physical symmetry situation, and gives the

relativistio expressions for the baryon form factors in

a fundamentally broken U(6) symmetry scheme. The exact

U(6) symmetry cur. be recovered from our expressions in

the limit of zero momenta..

A/
2 . U(12) fflD ITS SUBGROUPS

¥e assume that the fundamental entity for strong interactions

is a 12-component (Dirac) quark. The group structure U(12) is

defined by the algebra of tta 144 matrices F fti = "\k'X\

R = 1, ..., 16; i = 0, . . . . 8 . Here,

•with Y her mi ti so. and Y tintihermitian and the metric (l, -1, -1, -l) .

The general UU-2) transformation on the quark field

(,p = 1,2,3; d = 1, 2, 3, 4) will be assumed to be

where all 144 c 's are real and this property leaves

invariant.

For higher representations of U(,12)(made up compositively

from quark's\ the transformation (.2.1) will take the form

(2.x)

Y» T

= i (V
(2.2)



The general commutation rules of the generators F are listed

in the appendix. The quadratic Casimir operator is

Inspection of the commutators for U(l2) reveals that a
* *

72-oomponent subalgeora is generated ~by the operators P • t P
% ~\ *\

? . This is the subgroup W(6) and in the fundamental
y

representation has the generators T*f f s "i"̂ t an^- OT^T^ •
The expressions

r

are now separately invariant under W(6). Note that V.H6) possesses the
important 36-parameter sub-group U(6) (T1^^ ) Tv 'j a^- i ,^!) . This will
later be identified with the LTt6) of Gtlrsey, Radic^ti and oakita.

3 .. SOME HEFRE3ENTATI02TS OF u"(l2) MT> TEEIR DECOKPOSITION

A . The fundamental representation of LT(l2) is the 12-component

quark discussed above. Following the usual procedure we

assign to this quark the baryon number B = l/3. The baryons

are then to be constructed from three quark states and the

mesons froia quark-antiquark states.

These states decompose under U(l2) in the following

way

12 fi) 12* = 1 + 143

12. 8>i2® 12. • = 220 + 364. + 7̂2_ + 572

The 220 is completely antisymmetrical, the 364 completely

symmetrical and the ^72 is of the mixed symmetry type D?>1
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Under the subgroup U{6) these states reduce according

to

(35 »1) + {6,6*) + (6*y6) + (1,35) + (l.l)

220 = UO,l) + (15,6) +' (6,15) + (1,20)

364 - (56,1) - (21,6) + (6,21) + (1,56)

572 = (70,1) + (21,6) + (6,21) + (1,70)

(3.2)

Under the subgroup SU(3)® SU(4),twhere SU(3) refers to

the space of unitary spin matrices T^, and SU(4) to that of

the Dirac matrices y » ^e contents are given by

143 - (8,1?> + (1,15) + (8,1)

220= (8,20) + (10,4) + (1,20)

364= (10,20') + (8,20") + (1,4)

572 = (10,20") + (8,20) •*- (8,20') + (1,20") + (8,4)

where in eb.ch brac'.c.et the first number denotes the 3U(3)

represer.tai ion and trie second the SU(4) representation. The

three 3U(4) representations denoted here "by 2_0, 2_0' cind 20"

are of symmetry types fl j, t^l a.nd t^, Q respectively.

(3.3)

vie note also the reduction of the products

I"*- 143^-143 +4212 ^ 5005 + 5005^ + 5940

= 1. + M l + 5940 + 126412

M3.<g> 364. = 364 + 5J2_ + 16016 + 35100

(3.4)

B. Since it is our intention to assign the b£j?yon to the 364.

we compute the expectation values of the 144-vector ( "Y

between 364 states, namely
>;



wliere lABC ^ s ful^-y symmetric and has the SU(3)xoU\,4>

decomposition

4 ^ -6)

Here ( j * (̂  » iC ) t a k e t h e v a l u e s !» 2» 3 , 4 and ( J>( <^#T) the

,:.Iuv;o 1, 2, 3 . ^£tfAv3 i s -omp?.otely antisymmetric, D^ft-y, ̂

i s completely symmetric in Doth ctjj'tf and J*̂ *1" and W

Is of the symmetry type L*i ' J i A-^-

(3.7)

After some algebra we find (specializing to i ^ 0 so that

CTJ){- 0) ,
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•where

U.9)

Notice trie ^pvei.runce Lt t h i s stages of the c h a r a c t e r i s t i c

combinations 3D fi 2P and 3D + 5S1 i'or the forir. f ac to r s involving

the 8-fold "b cry on si.

4 . REDUCTION GP *UU) TO THE HOMOGENEOUS LOR̂ ITTZ GROUP i ^ . .

A . We now s p e c i f i c a l l y consider the space-time symmetries. So

-f;=v. -if, h^^ been assumed t h a t in i t s space—time "behaviour, the

fundamental 4-component U(4) e n t i t y ^j/ transforms as

where

with transforming as ^ "^ *Y L-* J a

With 6 's real, these transformations preserve the invariance

of *&* <\L* . The higher representations •4' of

transform as

(4.2)

The symmetry represented by (4.l), however, is too general.
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In space-time terms i t corresponds, as is well known, to the

full conformal group symmetry C4 . To make contact, however,

with physical space-time symmetries of (at this stage) the

homogeneous Lorentz group we must descend from U(4) to «£. 4..

ere are a number of ways of doing this which are not ail

necessarily equivalent so far as the underlying physics is

concerned as will "be discussed in Section 5-

Disregarding 1 " the problems connected with

unitary spin, clearly the most direct symmetry reduction is

achieved, of course "by taking

Now as is well-known for this case (though not for U(4))
, _i \ o( fl 1

one can define an <.-.nti-syinmeiric matrix (C ) > (.within the

Lirac Algebra) with the defining property thst C AJ/

transforms similarly to *ty . (Eere -«^T is the transpose of •yf .)

In particular, C~ *tyy ^ just like ^ "ty is an invariant.

Clearly from the definition above, the anti-symmetric matrix

C"1 = (C"1)"'1 = - {C"1)^"1 plays the role for ot^ of the

metric tensor. We may regard (,C~ ) *P as a contra-variant

quantity (with two upper indices) and i t s inverse C u* as the

corresponding co-variant (C ua (C )» = Zu ) .

It is easy to show that the matrix C with the defining

property above can be realized ''ay finding a matrix satisfying

It is also easy to show that the 16 Birac matrices

fall into two distinct classes; the matrices ( T^

C <Thv G ) ^ are symmetric, and C ^ , ("lf5c)K(i •

are anti-symmetric. For writing symmetric and anti-symmetric

higher rank "spinors" in Jt>_ these are the primary quantities

one needs.
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To illustrate consider two examples:

U ) Kul t i -opinor . of Rank 2

A second-rank symmetric spinor must have the form:

Likewise the general anti-symmetric spinor has the form:

^ U.4)

(2) Fully Symmetric Spinor of Hank 3

Consider 'Xolfrv wi"tb. fu l l symmetry in <* , fl , "Y , Prom

symmetry in "V <\nd, [J , one m&y wri te *£ in the form

(4.5)

We now show tii...t f u l l symmetry in tf T A , v i s r e a l i z e d

provided

U t 6 )

u.7)

For, the three cinti-symnietric tensors (C )^ , (C "Jf̂  )

and tiC~ Yi*.Yc ) must annihilate ^[ ^

This gives!

= O

= o

Suppressing Dirac indices, the first two equations give (4.6)
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and Q-̂ v 'yu.v = ° ; ancl ^e last is equivalent to (4.7).

Note that as a result of (4-6) i~nd VVf) the 40-coraponent

entity on the right side of i.4-5) contains only 20

independent components.

(3) Mixed Spinor of Hank 3

The 20-component tensor

trace" condition
C^BlY satisfies the

» o U.8)

can necessarily be written in the form

(4.5)

The mixed symmetry character of ̂  yields the constraint

(4.10)

This follox^s on multiplying (4.8) "by (C~ ) /

3. To return to U(l2), we now decompose all irreducible TJ(12)

higher representations relative to the representations of

maintaining the over-all symmetry. Thus for the (8 x 20") part of

the 364 representation, we write

The contribution of N to the currents (3.8), namely
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m a y be now written out in terms of H and Ni^-
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lote now that already the sacrosanct combinations 3D + 2F

and 3D + 5F of U(l2) have disappeared, "being replaced by

their various linear combinations.

5 TEE DTEOMOGENEOUS LOREHTZ GROUP A1TD THE FINAL EXPRESSIONS FOR

TEE FORK FACTORS

A. The work so far has been concerned with purely static

considerations. V7e have computed the expectation values of

matrices Y between (the homogeneous Lorentz group) multi-spinors

of various symmetry properties. The formalism can have no

physical content till these spinors are made to represent

physical particles, i.e., till the formalism assures that they

correspond to the representations of the inhomogeneous Poincare

group. One needs therefore, at this stage, some equations of

motion which the spinors ^ _ must satisfy. This

essentially is the point of departure of our work in comparison with

other approaches to the problem and was stressed strongly •"•""•

Among the variety of higher spin equations available, we

shall choose the simplest, and the least restrictive (though in

many ways the most profound) set of equations! We generalize

the Bargmann-Wigner ';approach to the representations of the

inhomogeneous Lorentz group. The approach works with the

equations
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These describe particles of (a) one definite mass m, (b)

one definite cpin (provided iJtdA-j., is a spinor of a

definite symmetry type), (c) the solutions of the equations

pose no problems of negative energies or indefinite metrics

and (d) the hlrher spir.crs transform "visibly" as direct

products of the fundamental quark which satisfies Dirac's

equation J? ̂  ~ K "\ •

tfe now examine the implications of applying these

equations to the ^pinors of rank 2 and 3 considered previously:

U) Spinor of Hank 2

"Write

From

we deduce

(5.3)

, , 8) , 9)

Thus ( <Pc, 9K5 ) together describe a 0* particle

and ( ^ , 4Kv ) describe a 1~ particle- The relation of

the second-rank spinar with what is essentially the Kemmer

theory of spin zaro and spin one particles was first pointed

out by Bel infante.' %ote that the assumption that the tensor

i«t ClO transforms as a quark-antiquark composite
*fy (D) 'xpPflO (with no re la t ive momentum) fixes the

9)parities of the mesons unambiguously
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(2) Fully Symmetric Soir.or of ?:ank

On account of full symmetry the three equations can "be

collapsed into a single equation

Substituting the expression [ 4.5 ) into this equation and

contracting i t with (C""~*Oi i r, (C^yJ*^ and (C""~CT,,)<*P

we find

t 5 * 4 }

(5.5)

It is simple to show, moreover, tha-t
( h. 6 ) and i.k-7) give a fully symmetrical AT ^ ^ . 'Thus

n is

formalism ' for a particle of spin

the system is entirolv oouiv^lent to the Harita-Schvringer

2

(3) Kixed-Spinor of '̂ r.nk 3

Applied to Sô . (^-S), the f i rs t equation of motion

gives simply

while w.e o^r.ar pair of equations {$jj ^ ci'Sy c ^^afiY

give the rciixi

t ^ K ^ » ° 15.7)
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Taken together the system clearly describes a particle of

spin i, .

VJith the -dargmann-tiigner equations our identification with

physical particles of the U(l2) quantities | j and

complete.

We here summarize the results '

(l) The regular representation 12 x 12* decomposes ass

If the mesons are free with mass m, the implication of the

equations of motion are:

for

, yw•',..-

Thus spin zero particles are represented "by 5-component

ent i t ies ; spin one b,y ten components and

144 = 143 + 1 = 2 x iO + 9 x 5 + 9

The last nine are the so-called t r ivial components.

(2),Hank 3

The 364 components of the fully symmetric TJ(l2) ten3or 4 A B C

decompose as

= (10 , 20) + (8 , 20) + (1 , 4)

In detail '•


