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THE U(12) SYMMETRY

1, INTRODUCTION

The search for a relativistic version of the spin-unitary spin
symmetry1 SU(6) led in early 1965 to a consideration of SL(6, C)2
and U(6,6)° (= T12)* = M(12)° = U,,(12)%) as two possible approxi-
mate symmetries for a phenomenological description of known
particles and their strong interactions. Even though one had recog-
nised right at the outset that symmetries of the SU(6) class must
be dynamical in origin, and that this origin is extremely obscure
at present, a certain amount of unpopularity has arisen over the
relativistic generalisations SL( 6,C) and U{(6, 6) on account of the
fact that they cannot per se be expected to represent the symmetry
of the S-matrix, At best they apply to a local interaction Lagrangian
and in a restricted sense to many-particle free states, Without
attempting to discover the origin of the postulated symmetry,
we gave in reference 41 a description of the symmetry in the con-
text of BARGMANN-WIGNER (B, W) equa’cions7 applied to finite-
dimensional representations of U(6, 6); in paper II this context was
extended to include U(6, 8) invariant phenomenological interaction
Lagrangian dengities { Sgi.d:) between the corresponding fields., Right
from the beginning it was recognized that notwithstanding the invariance
of &,;“1._ the resulting S-matrix could not be U(6, 6) invariant because
the B, W equations are not U(6, 6) covariantgo |

Accepting this heuristic description of the possible symmetry,
the crucial question which arises is whether one can systematically
identify within the theory expressions for some S~matrix elements
which display approximate residual symmeitries higher than just
SU(3). If such residual symmetrieg survive ~ and we know empiri-
cally that they do from the very existence of the SU(8) supermultiplet
structure itself1 and from the rather remarkable correlation of
experimental data achieved by considering the lowest baryon-meson.
veri:ex10 - the further question may be asked: "What reasons make

the approximations so good?'' This is then back to the dynamical
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problem with its intimate link with the dynamical origin of the
svmmetry in the {irsi pince, No systematic study of these problems
nas yoi been made;  the problem of residual symmetries has how-
cver been censiderably c:larifiedll. In this (frankly biased) review

we resiate the UJ(6, 6 theory incorporating some of this recent work;

we show ibat ibe theory has a logieal basis, that even though it
ases a non-compaci group it employs perfectly unitary represent-

ations, and that it does not violate unitariyy” nor aniiparticle con-
3
£

Jugation in the Tormulation of Ref. 4,

ek

e dogieal structure of the theory to be developed is the following:
(i} We may take it as an empirical fact that the known particles
al-rest correspond to the representations of & compact non-covariant
{6} & L{6Y group struc‘turelg. This structure is wider than SU(8),
incorporates more particles in the multiplets (Ref. 4. 4 addendum),
and forms the crucial point of departure of U(6, 6} versus S1.(6, C)
theory, I one is proceeding postulationally we may assume that
the existence of U{6) x U(6) structure is an abstraction which foilows
{rom the obseirvation that a {ree SU(3) invariant quark Lagrangian
happens to possess extra invariances (see sections 3 and 4) which
for gquarks at rest devolve to a U{6) ® U(6) symmetry.
{2) The B.W equations applied to the finite-dimensional non-unitary
representations of a U(6, 6) group reproduce precisely the relativistic
structure of such U(6) ® U(6) multiplets, no more and no less., The

3, W. equations can thus be locked upon ag the relativigtic boost,

generating for a single particle state what we may call the little

craup structure [ U{6) 8 U{6) ]V The introduction of momenta

through the use of the equations (just as in thecase of transition

from finite-dimensional representations of the homogeneous lLorentz
group 10 the unitary representations of the inhomogen;aous group)
allows for the introduction of a unitary norm for these multiplets,
Tudn normy in ot morely the norm for representiations of qu_ [ SU{3);-

i movroynonds 1o the group structure [ G(6) & T(6) ] R which for the

roat avstern rednces to U(6) B U{6), This was the content of section

4 of Paper T and is recapitulated in Section 3 of this paper.




{3) One can write free Lagrangians which yield field equations with
the same content of the B, W equations ag was done in Reference II.,

A local interaction Lagrangian among the multiplets of a higher
symmetry scheme must naturally possess at least the gymmeiry

of the free Lagrangian, and the interaction was therefore assumed

to possess the U(6, 6) symmetry. SCHWINGERM hzu shown that

for the meson~-meson interaction at least, the demand for relativistic
invariance imposes this minimal symmetry., We show in Section

4e that a U(6, 6) invariant quark-quark Lagrangian can lead in a strong
interaction limit to U{6) B U(6) bound state multiplets. The internal
congigtency argument then gives us a heurigtic reason for postulating
U{6, 6) invariant phenomenological interaction Lagrangiaris also for
ihe bound state composgite fields,

{4} The lowest order calculation for the baryon-meson vertex
function gives resulis for the ratio of proton electric and magnétic
form factors and the proton magnetic moment which are in good agree-
ment with experimentls. These resulis are an egsential consequence
of the starting assumption that the free-particle multiplet

struciure ig the B, W boosted U(6) 8 U(6) rather than U(6)'16, Unlike
51.{6, C), U(6, 6) does provide a definite value for the proton mag-
netic moment which agrees fairly with experiment., It would be

true to say that the explanation of the hitherto mysterious equality

of electric and magnetic form factors is the most striking prediction
of ﬁ(l 2) theory,

(8} To check whether these conclusions survive for higher order
nalculations of the vertex function, one must investigate the possible
residual symmetries of the general many-particle S-matrix
elements., For an n-particle system this symmetry can at

best be the intersection of every [ U{6) ® U(6)] by " It is found

that for the vertex function and all collinear processes this symmetry
is the so-called U(G)w symmetrqu. It happens that U(G)W and

(6, 6) effectively coincide on the mass shell of the vertex function;
however the reasons for the empirical survival of U(6)W {or U(6,6))

for the vertex function after unitarity corrections are taken into

account is obscure,




(G) We wish to make the important point thai the equality of elec-
tric and magnetic Jorm factors is a direct consequence of the U{(2, 2)
extengion of the l.oreniz group, and therefore irrespective of
whether SU(3) was ever invented or not, the extension of the homo-
geneous Lorentz group symmeiry SL{(2, C) to U(2, 2) was long over-

due, The U(2, 2) group with franslations admits oif two spins ’lg and
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a new guantum number which in the past would have been designated

ios Ry £ being the Poincaré spin and k; - 4, presenting

“internal", just like the quantum numbers of SU(3); the for.. factor
couality is related to the conservation of ks“ (5 . Its appearance how-
ever 1s so analogous to Poincaré spin that {he situation §eama J{O mﬂ
for translations associated not only with Lorentz rotations hut also with
the full U{Z, 2). A study then of [ U(6) 8 U(6)], and all group theo-
retical questions connecied with it, is facilitated by erubedding

'1‘3‘/(12} theory in a larger framework, the so-called inhomogeneous

f}’(l 2) theorle which is treated in Section 6. The physical structure
outlined previously forms a substructure of this wider theory which
may provide us with a new method for studying the validity of the approx-
imation procedures. The inhomogenous ﬁ'(fl) or 6(12) theories are

s0 clegant that it is maddening one has not been able to make more

use of them for physical purposes.

(7) Section 5 summarises the experimental data against which has

been checked the prediction of ﬁ(l 2) theory.

2, THE MATHEMATICAL STRUCTURE OF U(6, 6)

The material pregented below is covered in great detail, The
impatient reader who ig not inclined to read through this section
iz respectfully urged to look up equations (2.1) - (2,4), (2,10) =~
(2.12), (2,21) - (2.24), (2,41) - {2.47) and (2,50) - (2,52), to
acquaint himself with the notation. A knowledge of sectiong (b)

and (e) will alno prove rather usefull




(a) The U(2, 2) Algebra

We may define a non-compact U(2, 2) algebra in terms of

sixteen 4 x 4 Dirac matrices,

b/R, =1 (/\‘ ) 5;\,:2%[_\},7\;] >€‘¥f,¥§ ) X{—'-Yur«kz.&’g

R a 4,.._-16' 5 /(;,\)':-0,4,:1,5 (2.1)

with -5 K/‘ ,K,, }' = A ﬂ'!"' ound ?_}N - [1,_1, _’i,_U(g-i%%

The UTp so defined obey the multiplication rules
Yf W o=-tGy + ?P.or
.(/\G-):V =4 (g,'\/.‘_yv - ?A‘,Xr) + SKA/&-V ¢ YK YL"
O;;;J. o;uv =L(?K«V 0:,» *‘%A/u fuﬂ‘%‘/&ﬁxﬁ _,rzg_’hd;%)
+ (?WC/‘ 0‘})\\) - %—1/4%\49 - e‘kl/-.v «‘E)

G e ¥e = b (90 1 %Yo - Gup b G e g, T,

U;l rﬁ' =_‘2rL 8“4/-? O';v
Ld’/"K’SOKYY\Y :LO-;;V"'?,};.V

(2. 3)
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We take v, hermitian (¥, - ¥, ) and Y anti-hermitian ( =

so that the set of y-matrices obeys the defining property

(AR (2. 4)




of the U(2, ) aligetrn;, tor, in the Pauli representation

Then of the total of sixteen, thero ave
: — . 4
g hermitian matrices: { g
L = N =T
8 anti-hermitian matrices: ¥y , (s- L O > b (o =¢
-— I3 — . At
where 07 =(83, , O3, )G“”v) , 0 = COo: , Sy, %%y -

A symbolic way to remember the set of matrices is to note that

in Pauli representation

. — .
/ i o ;
1 - o | =

so that all hermitian matrices are block diagonal and all anti-
hermitian matrices are block off-diagonal,

The U(2, 2) algebra will be realized by a set of matrices JR
which satisfy commutation rules analogous to those of the vy, ,

ia detail these being

L :JJ’JP\JJ '“L:In,,\ _.\Tg‘:[ n ]: Ig)]_g] =06

.[_
—3
-
~
[
%
1
b
<
',f“\
Yy
o
\r
L
T
\
Qo
>
<
[
\F
S

[\Tf;a_s"] :-LE}L&-} [I'S‘)TT] - J/‘

The normalisaiion of the siruciure congtants hag been adjusted so
Ro1 . ‘ .
that I = B ‘j./R constitutes the fundamental representation.

One can exhibit the structure of the algebra in an equivalent

basis which is useful for many purposes. This basis is defined

by the alternative set of generators
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! X J}q J £ oho=15,84 (2, 7)
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summarising the commutation rules to

I - l—- “g ﬁ’ ..(5 ™
L ‘jx&,‘]—z( J = “Tr - é’f Y (2.8)
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and the defining property of U(2, 2) ag the herimiticity condition

. r 3
(T ST
Wy _,(a’.,){& Jy Uﬁ,)g (2. 9)
where Y, is given by (2.4). In the form (2.7), (2.8) the rules
are immediately generalizable to U(n,n) with ¥ . (4 Lol ] 5 :—Lﬁ%"ﬁi.ug

There exists one last form of expressing the gener?ators of
U(2, 2) which comes from the isomorphism to O(4, 2), the real
orthogonal group in six dimensions with metric
. , \ '
Dmn = L*‘ -ty MN =,1,4,% 5,6 . (2.10)

N

This isomorphism is peculiar to U(4) only and does not generalize
to higher rank ''unitary groups'. It is best seen if we write the

y-matrices (bar unity) in the form YMN with the identification
I A S Y R R (2. 11)

The table (2.3) is then conveniently summarized by

S
Y PUR VB SR SV

e ; & i -
T gkmM %LN - ?K” Tin T3 S'I‘\LMN.LJ\/]‘_J)(2.12)

The analogue of (2,7) is







