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THEORY OF GROUPS AND THE
SYMMETRY PHYSICIST

1. INTRODUCTION

Quantum theorists have never doubted that the theory of groups
wag invented specifically for use in physics., An arrogant and ungrate~
ful minority has even held that not only was the relevant theory
invented for physicisgts but also by physicists., This claim of course
is wild, irresponsible, certainly false g0 far as the past is concerned,
It may however acquire more substance in the future, This is be-
cause one of the frontiersin mathematics today lies with theory of

non~-compact groups. It so happens that during the last year symmeiry

physics has also begun to find non-compact group theory fruitful

for applications in particle physics. The physicist needs newer
results, Barring an urgent interest on the part of the competent
group theorists, he will doubtless make numerous conjectures and
proceed to use them, I very much hope that these are not all event-
ually found false.

During the course of this lecture I wish to speak of some very
recent successes of the group-theory method in claggification schemes
for the so-called elementary particles, I shall briefly sketch some
particular problems in the representation theory of non-compact groups
in which the.  physicist thinks he would like progress made, In all
humility, let me say, the important point in application of a math-
ematical digcipline is not always the insighis that a physicist can
specify in advance, Still more important could be those that we at
present have no inkling of, and which one might successfully only
bring to bear when the complete theory iz available,

The first question that arises ig:-

Why has group theory played such an important, such an
intimate role, in the development of guantum mechanics in conirast
say to classical mechanics ? The reason has been spelt out by Yang and
Wigner; it lies in one basic circumstance; it lies in the basic

postulate of quantum theory that the quantum states of a physical




gyatem form a linear manifold,

To illustrate, let us congider the group of space rotations, the
rotation group 05. Throughout the history of physics we have started
with the assumption that laws of physics remain unchanged for space-
rotations. In the final analysisg it is an empirical postulate, to be
tested by its consequences, We build this postulate into classical
physics by demanding that any equations of motion we may write
down should remain invariant with respect 1o rotations, In a rather
subtle way the postulate leads to conservation law of angular momentum,
A naive application however of this rotation invariance to classical
trajectories - to planetary orbits for example - merely tells us that,
civen a certain orbit, we may infer by rotation the existence of
other physically possible ones,

Now this is an important resuit, but by no means a very fruit-
ful result, It does not lead to new insights. Contrast this with the
cage of quantum mechanics, The same statement can be made about
guantum orbits. In quantum theory there is however the further

postulate that all possible orbits form a linear manifold and that one

can gelect from this manifold a linearly independent complete set

in terms of which all the orbits can be expressed linearly;

i e. |w>=z aj[&f_>.

: J
J
Now denote the rotation operaior corresponding to a rotation
g by U(g). From rotation invariance, if ¥> 1ig an orbit
l ¥r> = U(g) [ ¥> ig another possible one., Specialise to {Y>= | E’i>.

From completeness, therefore,
U(g} [ E’i>= Zaij‘ E’j>. Clearly the aij give us at once
i

a repregentation of the rotation group g. With the quantum postulate

of the orbitg forming a linear manifold, we immediately strike a

level of richness with the mathematical representation theory oi

groups, unsuspected, unconceived of at the level of classiczl dynamics,




Let us pursue this further, In quantum theory we are con-

cerned only with unitary representations. This is connected with
the gquantum mechanical theory of measurement, 1 shall not go
into the measurement theory of physics in any detail but we shall
accept for the rest of the lecture that we shall always deal with

unitary representations. Write an infinitesimal unitary rotation

operator in the form

Ulg) & 1+ie, I, j=1,2,3

The standard commuiation relations for the hermitian operators

-~
Ji{Jy=d, ) of 03 read:~

1 = i
[Ji' Jj‘ 16ijk Jk
] 2 2 2 2 ... . . -
with J = Jl + J2 + J3 ag the Casimir invariant which commutes with
all three Ji' Now it is well known, that the compact groﬁp 03 posses-

seg finite~dimensional two-valued unitary representations, labelled

by two numbers j and j3; symbolically
2
i s =i IS
105> =3+ 1) 15,
iy oa . s
Ty |3 is i
where j can take integral or half-integral values; 0, -]é—, 1, 3/2,...
and j3 ranges between +j and -j. The invariance postulate for space
rotationsg, combined with the completeness of the bagic states
]‘:I/i> allows us therefore to state that the physical (Hilbert) space
of any gquantum mechanical system can be realized in terms of a

discrete basis; as a direct sum of the irreducible unitary rep-

regentations of the rotation group O3 :
lE>= ... 0 |ii>0.....

The group description if you like hag become an essential part of

the "kinematic' structure of quantum theory, The guantum number




i is called the fotal angular momentum - the spin - of a pure

state > {in units of Planck's constant %), j3 ig the component

of the gpin along the z-axis. Both j3 and j are guantised; both

3

are integers or half-integers, We all know that quantisation, tae
discreteness d physical quantities ig the essence of quantum
mechanics. The contact with representation theory of groups
automatically guarantees that j and j3 are quantised,

To state the vocabulary I shall henceforth use :~ the totality

of the (2j + 1) states (i.e, the (2] + 1) vectors)

Vi, a1, ... l4, 5>

labelled with the iwo quanium numbers j and~js j3s j will be designated
as a (2j+1)-fold muliiplet consgisting of (2j + 1) components cor-
responding to a representation of O3 of dimensionality (23 + 1),

The multiplet of particles is directly associated with the basic set

ol independent vectors which corresgpond to a given irreducible
representation of the group. In the sequel we shall be faced with the
converse problem, given the dimensionality of a multiplet and the
labelling quantum numbers for the states, find the underlying

invariance group. In particle physics the tagk of the experimental
physicist in recent past has been to classify more and more particles,
more and more resonances, in multiplets, each distinct multiplet being
characterised by the value of some (one sugpects) Casimir invariant, The
tagk of the symmeiry physicist has consisted in identifying the

pogsible invariance group for the underlying dynamics. Once the

group is known, the conservation laws - like the congervation of

angular momentum - which are implicit in the invariance postulate,

then provide a whole host of new and tegtable relations between

experimental magnitudes.
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2. "KINEMATIC" CLASSIFICATION OF PARTICLES -
THE INTERNAL SYMMETRIES

I have discussed the quantisation of spin of a system at resi
in termsg of the compact group 03. The automatic manner ia
which representation theory of groups takes care of the discreteness
of physical quantifies, and gives rige to 'a multiplet structure
set the pattern for all future clagsification schemes in particle
physics. To illustrate I shall have to go briefly over the experimeénta’
situation in the subject ag it has developed from the year 1926 cnwards.
Around 1926, two so-called elementary particles were known
to physics; the proton and the electron, These are tiny chunks
of matter; the proton with a mass of around 10“.24 grams, the
electron some 2000 times lighter, Both are electrically charged,
the proton positively and the electron negatively, They were
elementary in the sense that all matter « all the 92 atoms - were
then (erroneocusly) believed to be made from just these two objects,
Protons and electrons are not just simple chunks of matter,
Both these particles carry intrinsic spin; group theoretically
the particles corresponded to the spinor representation of (}3, with
j=1/2, ig = 1/2, -1/2. In the vocabulary I have used earlier
the proton (or the electron) formed a two-fold (2j + 1 = 2) multiplet.
The two possible states of a proton represented by ]j= 1/2, 33 =+1/2>
and |j= i/2, iz ® -1/2> were also called the states of left and
the states of right polarisation by the physicist,
The astonishing thing about these two particles was - and
still i -~ the numerical equality of the electrié charge they carricd.
The masses of the electron and the proton are so different, Tac
electric charge, like angular-momentum, seems however to be
quantised - quantised in integral multiples of jusi one fundamental
unit. This is a most mysterious fact but one which we must in-
corporate in our description of nature,
With the success of the group theory ideas in understanding
quantisation of spin, the pattern seemed clear for a group-theoretic

description of charge-quantisation, The group-representations of

-5~




a rotation-group in two-dimensions are labelled as is well known
by positive or negaiive integers. Assume that there exists a two-
dimensional "internal’ space - call it the "charge space'’, and
assume that all equations of motion are invariant for rotations in
this space. This rotation-invariance will imply, through the
quantum mechanical procedure skeiched earlier both charge-
quantisation as well as charge-conservation, The pattern is

the same ag that for the three-~dimensional rotation group; the
logical argument is the same. The difference however is that
contrasted to the three-dimensional physical space the new twin-
dimensgions of ""charge space'' apparently possess no direct physical
significance. The space has conveniently been called the "internal
space', associated perhaps with some internal structure of protons
or electrons. Even so no-one has had the courage actually to write
equations of motion displaying an explicit dependence on the co~-
ordinates of this space, Put it another way; in the case of space-
rotations, the rotation group itself is physically significant and

not only the infinitesimal generators Jl’ J2, J3. For the internal
space, the rotation itself ig hardly significant at all; it's only

the Algebra of the infiniltesimal generators and their eigenvalues
which make physical sense. The internal-symmetry physicist

has no use for the Group; he has ample use for its Algebra.

Till 1930, the only known 'internal” characteristic of an
elementary particle was just this one quantised entity - the eleectric
charge. In 1930, with Chadwick's discovery of the neutron, there
came a break., The neutron was the third "elementary particle’,
it was almost as massgive as the proton but carried no electiric
charge, The proton and the electron attracted when close together
through the intermediacy of the classical electrostatic force. For
a proton-neutron system, the elecirical force was naturaily irrclevant
since the neutron carried no electrical charge, Two neutrons, or
a proton and neutron,however,did exhibit a sirong attraciion when
close to each other. This clearly was a new force of nature. At

comparable distances one found empirically that it was at least one 1.

o A waon IR RS . . - ! © - - - PRy R






