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ABSTRACT

The problem of relativistically boecsting the unitary represent-
ations of a non-compacti spin~containing rest-symmetry group is solved
by starting with non-unitary infinite~dimensional representations of
& relativistic extension of this group, by adjoining to this extensiocn
four space~time translations and by then applying Bargmann-Wigner
equations to guarantee a unitary norm. The boosting problem consider—
ed here is the Tirst step towards the solution of the problem of coupl-
ing of such infinite-dimensional representations which is briefly

investigated,
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paper is devoted o the corresponding problem of relativisztic
extension for possible non—compact rTest symmetries. Once solwvad,

it becomes possible in principle to couple such infinite dimensisnal
multipliets in wmoiion.

In Sectiion 2 we outline the general procedure for embedding =
rest-symnetiry into a relativistic manifold., In Section 3 we consider
as an example the non—compact rest-symmetry U6, 6); and show that
the required extension is n@ (u{6, 6) © U(6, ). The rvest~
symmetry U(6, 6) was chosen simply because it happens to contzin the
successful compact rest-symmetry U(6) ® U(6) as a subgroup. The
point of departure of our method in constructing infinite-dimensional
representations of U(6, 6) & U(6, 6) is to resduce the group with
respect fo non—-unitary representations of a spin-contairing subgroun
U(6, 6). Tre space—-time iranslations T; are then introduced in a
fundamental maexuer to induce a unitary norm through the standard
application of Bargmann—-Wigner equations, The final symmetry after
the application ¢f the equations for orne~particle states is of
course the rest~symmetry U(6, 6)., In Section 4 we show that the
maximal residual symmeitries for S-matrix elemenis involving two,
three or four independent momenta are GL(6, C), U (3, 3)
and GL(3, C). The Clebsch-Jordan problem for three-particle ceupling
has in general noi been solved, There is however one simple soluble
example which we give in 3ection 4. We wish to stress that the Intesresi
of this paper is mainly methodological and that it may not provide 2

realistic model.

2, THE GENERAL PROCEIUER

In this section we review some of the relevant concepis in non-
compact group theory and also summarize the essential content ol zep:zra
I and IIT pertaining to the relaiivistic extension of any rest-

symmetrTy group.
Let us denoite the compact and non—-compact generators of a symmetry

group G by Gc and Gmc respectively. Thuas, symbolically,




[-Gc. , Gc'} = “‘Gc
{Ge s Gncl
[th ’ anc‘} T —a Gc

+ Gac

"

{(2.1)

The standard procedure in non-compact theory 1ls to decompose unitary
irreducible representations of G reletive to those of the maximal
compact subgroup, viz. G itself. Since the former are infinite-
dimensional in any one representation there will necessarily occur
an infinite number of (finite~dimensional, irreducible and unitary)
representations of Gc . Thus G will be represented by infinite-
dimensional hermitizn matrices: Gc are block=diagonal with each
block relating to one O, representation, while G,. are block oif-
dizgonal thereby acting as shift or iransition operators between

nearby qc representaiicns.

To define precisely the concepts cf a rest-symmeiry group, wheiher
compact or not, one must introcduce transiations ?J « These, in

general, satisfy the symbolic commutaticn relations

P,pl=o0 , [GP) =.iP. 2.2

: ~
The rest—symmetry subgroup G( F } of G will, by definition, commute

with the energy F; y

N
a( p ) may thus be termed "the little group". In paper I G was u(s, 6)
and G(‘$ y was the compact U{8) & U(6).

' , A : ~
Given a spin~containing rest-symmeiry G( P } our problem is to
find G as its relativistic generalization. The procsdure applied in

I to compact rest-symmetries was essentially to assign well-defined




Lorentz tensor trensformaiion properties to the gener

&
end thereby to generate the full G by acting on the G(’F ) with pure
) i

s a P .
Lorentz transformziions; for example G P ) = U6 scmorphic
) ] i °
to the 36 matrices. T! , 6.,.T) , where 6,71  corresponds <o
the pure spin transformation. The action of Lorents transformations
G}r'ro on these litile—group generateors 1ls thereby specified and

Fal
completes G( b ) to & = GL(6, C) with the 72 matrices

T, T

b ]
) Q-;:IVT '

»

I'or non=-compuct rast—-symmetries our procedure will be identical. Ve
perform pure Lorentz transformations (lying outside G(‘% ) but forming
A .

part of G) on the G( b ) generators and thereby close on the algebra

of G, The case G('} ) = U(6, 6) is treated in the next section.*

Having found G we shall next supplement it with translations;
this i= an integral part of the relativistic boosting procedure.
We have used in I and shall again in this paper use the translaztions
in an absolutely fundamental way to define a unitary norm for multi-

plets of the little group G P Y, when in motion. Since this point

has not been fully appreciated we wish to go over it carefully once

again,

A11 finite-dimensional representations of a non-compact group
like 314 (the homogeneous Lorentz group) are non—unitary. Only for
infinite~dimensional representations can one define a unitary norm.
Thus, if éL; were a rest-symmetry at lsast certain unitary represent-
ations would correspond to particles with spins ranging over zall
integers or half-integers 36 v do+l yeeees OO . These re~
presentations mey or may not be useful in physics but in the past
the more urgent problem was to describe a relativistically moving
particle of one definite spin j , and the relativistic aspects of
the problem in any cese called for the use of the non-unitary finite-

dimensional representations of éL; . It was Dirac's and Wigner's

* We must stress that the various U(6, 6) subgroups of G have
completely different connotations., There is the litile~group

G(‘B Y = U(6, 6); then there is the &4 ~containing subgroup of
(Dfrac) matrices U(6, 6) . These must be carefully distinguished,
though they possess the common subgroup U(6) & U(6).
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great coniributicn to recogrize that a physically satisfactory unitary
norm could indeed he defined in such cases because one z2djoined the
space~time translations T to §.4 @and considered the full inhomo=
geneous Lorentz group 1{4 = g ® L4 . This group equally

is non~compact but its unitery (infinite-dimensional in the momenium
variable) representztions are constructed (i the BARCMANN~-WICNER
(1948) method) from certzin momentum—dependent finite-dimensional
representations of '&..4 , 2 positive definite norm for which is
guaranteed by imposing on the representation functions certzin
equations of motion. These Bargmann~Wigner equations have one purpose:
to project out just the positive definite class of these functions.

To take a concrete example, 1f the spinor i‘;& corresponds to a non-
unitary representation of ;2,4 , or more properly SL{2, C), the Direzc
spinor 4y (p) which satisfies ‘Q){P) = Y (p) corresponds to a
perfectly unitary representation of the Poincaré group Iy ®‘{-d

with the norm given by

s B '
) = 2 ?T T (p) WP ()  (2.)

pro T

This norm perteins to moving states of spin &,

| Now in I we started with the non-u;;itéry represente.‘tions of the
non-compact group U{é, 8) (= T(12)). By adjoining the four transla ion*
operators '& of T4 and after imposing Bargmann-ﬂlgner equatlons,
we once again recovered a unitary probablllty—oonsevv1np- norm similaxr
to 2 4) for moving particles m.'t;h o f 1y vevees 12, The important
omt - a.nd this is shown in detall in III - is that one-par:blcle
states possess not 3us‘t sU(3) & I£.4 " but the larger symrne%ry

(v{6) & U(6))P . This may indeed be stetes as a theorem:

* It must be recognized however that &herea;s the algebra of -& xf_‘,
closes on itself, that of & structure like 'Q@L{(é,&) does not. As
shown in III the full closure.requires f43 momenta, znd since these
momenta possess no physical significance Tz == U(6, 6) is’an
intrinsicilly broken symmetry, As. statda before, one-pérticle (rest)
states show U(é.) @ U(6) symmetry revertheless, which i§ further reduced
for two and higher particle states, The problem of residual symmetries

is gonsidered in Section 4.
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and (2.2), the appropriate uniteary norm for moving one-particle

states is of the type {2.4) which have G( @ } a5 the little-group

gymmetry in the rest frame » = O {cf. equation {2.3)).

3. THE HYPER-SYHMMETRY NIZThOD

Since the generators of the spin—-internal symmetry group can
only be incomplete Lorentsz tensors it is necessary to zdjoin new
generators so as to make the tensors whole. Thie leads in a unigue

way to an enlarged algebra,.

The operators which musi be brought in to make the relativistic
completion will not provide any additional conmserved guantities.
They do not commute witk ¥, : all such commuting members being,
by definition, in the algebra of the 2ittle groupr. In ordsr to
discover what they are one can apply the following criteria:

- ) _ A

1) The generators J of the little group G( b ) commute-

with the energy
LT ®.] = o (3.1)

!

2) The generators J include the spin roiations J :;j Wbich

in any realistic relativistic itheory are coupled to the momenta,

hence

[

P vV ) {3.2

[j-;' ?y{—} = -t ( ;.k } )

3) The pure Loren:z transiormations K,  which, by definition,

o

affect the energy, cannci be found among the J .

4) The relativisticzlly complete algebra G must include the

Lorentz group in the form tT;i y Ko )

These regquirements 2re sufficient to make the procedure unigue.
If, for example, the little group is taken as U(6) @ U(6) with

generators




(3.3)

ther the Lorentz iransforrzations must be 0., and the translations
P Thg full group is then eagily shown to incorporate the

144 (v, T4) (®8=1,...., 16; 4 = 0,...., 8), this being just
the non—-compact U(&, 6). This case was dealt with in I. There it
was shown tkat the natural way to employ the finite-dimensicnal {and
therefore non-unitary) representations of U(6, &) was to make use

of equations of mction {Bargmann~Wigner equations) which served to
restrict the physical states to positive definite sectors of the
Gilbert space. We skhall adopt the same attitude here for the

infinite-dimensional razpresentations.

H

ittle group is taken to be U{6, &) iteelf,

[

Suppcse now that the

P

This group has bteen chosexn to provide illustrative example only and
may not be the group of iinal physical interest. Exploiting the
isomorphism of thke group with Dirac-~like matrices, represent the

little group generators Ti) by

I

e

\

1 o , )
T 4 XC ! x 7 cnd J th T° « T, (3'4}
where the subscripts ¢ and ne 1abel:the'compacf and non-compact

parts of the algebra respeciively. For the translations we can take

sinée the time—like component of this matrix evidently commutes with

the little group matrices., The pure Lorentz transformations must then

be

0“’ .

P AL

~
H

x4 (3.6)

Filling out the algebra by taking repeated commutators we find it

necessary to include the operators

KDos T o e K s Y T x (3.7)




which go to make up the algebra of U(6, &) & U(6, 6):

g - K e (T - Kh)

——
Lt
.

(o]

R

The form (3.5) adopted for the translations means thet the momenta
transform like components of the (12, 12} and (12, 12) representations of

u(6, 6) & T(5, 6). )

The next cuestion to be settled concerns the nature of the re-
presentations of U(6, 6) @& U(6, 6) to be employed. Since we are
following the viewpoint of I in which the physical states involve a2
number of redundant components determined by the Bargmarn~-Wigner
equations, we can wffcord ¢ accept non-unitary representations of
the full algebra, reguiring only thet ithe repressntations ¢f the l1ittle
group U(6, 6)\# contained therein shall be unitary. The 1litile group
U (6, E)P appropriate to & particle with. 4-momentum Pk is obtained
from the 'Tg by applying a sultable Lorentz boost . It can other-

wise be defined as the set of matrices which commute with y'x“tz.

There is in addition to the subgroups U(6, &) p o enother U{6, &)
which contains the Loreniz iransformations. This has been called the

Dirac subgroup, U{(6, 6) . in Section 2., It is generated by
(¥

—

e

N 1 Cennd K
T

As explained esrlier, ths Bargmann-Wigner eguations will guarantee
the existence of a unitary ncorm even though cone starts with pon-
unitary representations or U(4, 6)_D . Thus it will be quite
sufficient to take finite~dimensional representations for this sub=-
group anrd to build the infi

group. with block-dizgonzl representations of U{, 6), . The subgroup

[

-7 N . - a - oo - + . .
U6, 6)3 in our work rlays the role of the maximal 'compset subrroup in

conventional theory of non-—compact groups.

The construction of representations of U(6, &) & U(6, &) is
considered next. We shai! employ the method of Feynman et al.
DOTHAN, GELL-MANY and ¥LO'EMAN (1965)) whick has the advantage of
directness. Wore important, ii produces only the "degenerate ro=
presentations, i.e., those assoclated with discretes sigenvelues of

the Casimir operators. These are more amenable ¢ physical inter—

.= B R




pretation than tre continaum representations.

4 representation of the algebra (3.4) and (3.7) may be teken

in the form

-—

AL T e T A Tt oL TiT A
J C - \P {: I) + ’ lj‘ nC '\\/ (n,c'. | L ‘\{J
PO Trul S R L E e T :
~ o - ’q/ ﬂs [ 1 "'\."}'} / LS Wil - {/ !T‘-l‘- ! \{'! (-“9)
wkere symopols @f end ~% denote respectively 24-component column

and Tow vectors and we require Bose—like commuiation relations for

Y and ; 3
j

(4, 1 = ® TR B

(3.10}

and

iH
e

(v, ¥

it is simplest to think of and *P as Bose~like guarks. Since
the little groﬁp, gensrated by the T; , must be represented by unitary

mairices we require that

(%)

AV 3 C(2.11)
(‘} ig) - Jr

a—

Supposing now that A is related %o the adjoint of by an equation

of the form

v o= v oM (3.12)

T - ~, o (
L, Yoe ™ g = 0 o (3a3)




This fixes ™ (apart Ifrom trivial modifications) to be of the form

Mo o=z A
‘ fo (3.14)
and so we find in addition

SRS
K

1
?_.
o
P

h =\
3.15;

Unfortunately the condition {3.11) is not enough to assure unitarity
for the little group since the metric (3.14) is indefinite. In order
to fix this we first split Qf into two parts «#+ according to the

sign taken by % T3:

where

49}
-
[...J
~1

S

\

vets v, - B Vs (

tox

The commutation relations between these parts are then

Ty, v 5 S0 v

(v, v ) = @ e

[“f";; uf.r _‘1 =y Q- e Ty) e

The generators (2.9) whea expressed in terms of iP* take the forms

F o= {".',4-«(6 \i/.q- a ‘K Y F\{/-' J j—"‘c = '\;4- T T("\i/f + "‘E‘:.‘V.M-CT" ‘}“,
KC = \}/.a- th"\‘h— +¢-N{ctiq/ / Kpe = ’J;»-r YoacW_. - A‘;— [N N

(3.19)







