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ABSTRACT

Infinite~dimensional unitary representations of the non-com-
pact group U(6, 6) are employed io classify elementary particles and,
following ideas related to those of Fronsdal,are used to consiruct re-
lativistic S-matrix elements., Like the previously-treated relativistic
theories where finite-dimensional representations of U(6, 6) were used,
a particular S-matrix element shows no symmetry higher than that of

the appropriate hybrid subgroup.

The overall U(6, 6) syrﬁmetry may give new relations between
form factora for different processes but will not, in general, give any-
thing beyond the regults of the previous formulations for the scattering
processes. The unitarity of the S-matrix is compatible with the sub-~
group hierarchy, provided that én infinity of multiplets for elementary
particles exists and provided that all such multiplets possess the same
mass., The crucial point of our formulation is that if mass differences
are introduced, these affect not the relativistic invariance but the uni-

tarity of the S-matrix,"
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A RELATIVISTIC U(6, 6) THEORY

§1 - INTRODUCTION

In a geries ofearlier papers 1, it wasg suggested that elementary
particles may be clasgified ag multiplets of a rest symmetry group
U(6) x U(6). It was shown that moving multiplets of momentum p
could be covariantly represented by using the finite-dimensgional
representations of a larger group U(6, 6) for construction of a (covariant)
algebra of the structure U(6) x U(6) lp . This construction procedure
involved a covariant projection2 method from the larger group U(6, 6)
based on Bargmann-Wigner equations. The problem of coupling of
U(6) x U(6) Ip multiplets could then be reduced to the comparatively
simpler problem of coupling of U(6, 6) representations, Unfortunately,
since the projection procedure (the Bargmann-Wigner relation) was |
not U(6, 6) covariant , the overall symmetry of the resulting S-matrix
was congiderably smaller than the symmetry started with, It was in
fact shown by HARARI and LIPKIN 3 and DASHEN and GEI...L—MANN4
that the maximal symmetry one might expect for S-matrix elements

in such a theory could be claggified in the following hierarchy:

(1) U(6) x U(6) IP for one-momentum processes;

(2} Uw(6)lp1_p2 for two independent momenta;

(3) U(3) x U(3)] for three independent momenta;
P, PyPg

and U(3) for 4 or more momenta., It was also shown by a number
of authors (for references see the review article in the Trieste Seminar

Volume 2) that the unitarity equation for the S-matrix

Wy = E Ta Th (1

L]

would in general be compatible with the maximal symmetry specified
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above, provided the intermediate states in the sum on the right of (1)
themselves were restricted so as to belong to the relevant subgroup

in the hierarchy.

Subsequent to these developments, a suggestion was made that to
obviate some of the problems mentioned above, one might employ
infinite~dimensional representations of the group 2,6 U(s, 6) for clag-
gifying particles. One would then start with the assumption that
there are in nature an infinite number of U(6) x U(6) multiplets, all
of the same mass in the exact symmetry limit, In a given represent-
ation of U(6, 6), these multiplets would be grouped together constituting

as it were different "rungs" of a given U(6, 6) '"tower''. Each such

tower would carry in addition to the labels m characterizing

" also a momentum parameter p . A tower of

individual " rungs'
momentum p would be carried to one of momentum p' by Lorentz
transformations with each '"rung " being carried to essentially the
same rung in the new tower, 7 .The non-compact transformations
contained in U(6, 6) would however induce transitions between distinct

n rungs".

In the present paper we show that one can indeed consistently
start with such towers, and that using these one can construct S-matrix
theories where both symmetry and unitarity are fully compatible,

We find to our surprise however that the resulting S-matrix elements
share with the earlier theory the feature that the overall invariance

' is again governed

of the S-matrix for the coupling of given " rungs'
by the same hierarchy of subgroups U(6) x U(6) lpi’ UW(Ei)lplpz ,
U@3) x U(3)|p'1p2p3

processes. The starting 'tower-symmetry' U(6, 6) itself appears to

and U(3) for one, two, three or four momentum

play no experimentally accessible role in four-particle scattering
amplitudes. Its major predictive value seems to lie (1) in the pre-

diction of new relations connecting vertex function coupling constants
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of one set of rungs to the coupling of other sets; . (2) in the possibility
- of providing a more powerful and universal mass formulae and (3) in
assuring unitarity in the limit of there existing an infinity of " rungs"

in the elementary particle gpectrum - all with the same mass,

In §2, we give the formalism and establish its consistency.
The chief result of the paper is the formula (2,13} and the rather
transparent expression it provides for the kinematic momentum-
dépendent factors in the theory. In §3 and §4 we exploit some well-
known techniques of FEYNMAN'sg 8 operator calculus, developing
further the work of Ref, 6, to evaluate these kinematic factors for the
case of 3-meson coupling, We have not yet been able to find a suit-
able U{6, 6) representation for baryons and thus the question whether
the pregent theory reproduces the results of the earlier papers *~ -
and in particular if it relates the electric and magnetic form factors

for the proton in the desired manner - remains unanswered. We in=-

tend to turn to this problem in subsequent work,

We believe the theory presented here has close similarities to
the recent work of C. FRONSDAL 5 and W, RUHL 9 , though it is not
exactly easy to trace the relationship of the ideas, or the techniques.
To these authors and to Professor M. Gell-Mann, who hag been
working on related lines, we offer our appreciation for stimulating ‘

discussions,

§2 - GENERAL FORMULATION

Suppose that we are given in addition to the generators ‘%u R Fﬁ

of space-time transformations a set of generators, F%, of some in-
ternal symmetry, G, Suppose, moreover, that the F* transform

covariantly (and non-trivially} under the space-time grouploz

o m—
[3}, , F ]. = ZP_C; l"ﬂ, _ (2,1)

[P ) F‘] = 0 . ' (2’2)




If G is a spin-containing symmetry then at least some of the C§
will be non-vanishing and the relation (2,1) implies that the gen-~
erators F® must include the generators of SL(2,c). This means
that G must be a non-compact symmetiry. Given these properties

it is possible to set up a covariant theory with higher symmetry,

In general terms the procedure is very straightforward, After
the fashion of Wigner one specifies a family of Lorentz boosts, Lp,

which serve to carry a fixed 4-vector P into p,

(LP); b o= b (2, 3)

Corresponding to Lp there is a unitary operator Uj(L,) - made
with the Juv - which acts upon the physical states., A complete set
of physical states may be generated formally by applying the T (LP)
to a set of rest states which we denote by |P, m>, The label, m ,
ranges over the basis of a unitary representation of the internal sym-
metry group G. These representations are of course infinite dimen-

gional,

Corresponding to each rest state |P, m> there is a continuum

of boosted states |p, m> defined by the relation

U (L) B = [pm> 2.4
Note that the index m is unaffecied.

Clearly, from (3)
< iF P m) = <pwlullp £ U (Lp) Tp m>

and, by virtue of agsumption (2, 1}{{expregsed for finite Lorentz trans=-

formations)




K -
W FE U = S rP 1) (2,5)
3 J P A
one finds that the matrix elements of the F® between boosted and
unboosted giates possess a simple linear relationsghip:
o 2,6
Gl FBmd = 2 <l FP L Thep 29
. p
In the sequel, whenever the p-dependence is not explicitly shown in

<m'}F% ! m> we ghall always mean the matrix element <pm' | F*| dm>.

Now, as is well known, if the F%'s are generatorsg of (an SL(2, c})-
containing) non-compact symmetry G (e, g. U(6, 6)), the unitary
repregentationg of G must be infinite dimensional. An irreducible
representation of G consists of a tower, each rung of the tower cor-
responding to an irreducible representation of the maximal compact
subgroup (e.g. U(6) x U(6)). The labels m for each rung characterize
these U(6) x U(6) representatiohs. The U{6) x U(6) generators produce
a linear mixing of states at each rung while the remaining generators
make transitions between rungs m and m', We shall on occasion

refer to U(6, 6) as the Tower Symmetry and U(6) x U(6) as the Rung
Symmetry .

Each tower carries a momentum label p, and the boosts

U, (Lp) carry a tower at rest to a tower with momentum p , each .
rung of the rest-tower being carried to the corresponding rung of the
moving tower, As one may expect, the operation of the generators
7 of U(6, 6) on the moving tower is p~dependent and is gpecified in
(2, ). Note however, that if we write F%(p) = U{L,) e yl (Lp) , we

have the transparent relation:




<pwl Fiplpmwd> = GawiFTIPmd> @)

The behaviour of the towers under the space-~time group is
perfectly straightforward, Explicitly, and following Wigner's clas-

sical method closely:

W

Uy (D) w2 = U (AL) |3y

M: U-AI, R) l} w)

where R denotes an ordinary little group rotation - one which leaves
P invariant -

U (A) [pw) = UT(LAP U (R) (Pm)>

= 2 Ugle ) IBwd | RImp
w (20 8)

- L 1Ap W) <wiRIw)

Since R is a compact rotation, one can always bring the infinite matrix
<m'lRIm> into block-diagonal form: each block being finite dimen-
sional, With the space-time transformations therefore we move from
a given rung of a tower of momentum p to the corresponding rung of
the tower with momentum p' =Ap , the indices m being shuffled by

an ordinary rotation R.

As an aid in the digcussion of coupling problems it is useful to

have an alternative get of basis vectors for the physical states. These
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we now define. Since G containg the homogeneous Lorentz group we
have at our disposal the unitary matrices <m!'{ Alm> and, in part-
icular, <m!' ILPI m>, Let us use these to define a new orthonormal

set: 102
bwd = 2 <l ie> @9
‘l‘
These states have very simple transformation properties, namely
U,-(A)|P.'M>5 = 2 \Ap ) <nlAlmy
‘“l
Flpmd = 2 1p,mD <wlF¥w)
s ) S .

(2,10)

The new states [p, m> mix up the rungs of the Wigner set, ip, m>

through the operation of the matrix <m'|{L,| m> and therefore are

rather difficult fo interpret physically. 11

In the basgis (2, 9) the trilinear invariants (if any) would take the

form:
T = j db, dp, B9, OCt) bUN-KT) BI£R)E(E—}) 0C2p,) (i -i2) *
(2,11)
X Z (N"M"l"g) H’I'MIZ ‘h%)s “‘u%
"Wy

where the numbers (m; mym;) are coupling coefficients appropriate
to the tower symmetry, G . This may be expressed in the less

cumbersome form:

s b L b, pywy > = 8(pi-p,-p) (™ lwm)) FOE, 2, 02) 212)
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where F(pf, P3, PZ) is an unknown amplitude function,

The formulae (2,11) and (2,12), which follow directly from (2,10),

may be transglated back into the original bagis yielding

<Pl‘“‘| { Pamy P> = Sch_h"h) Fq’nz- y:: ):) x
(2,13)

s 2 <ol > (0] T )< g o X Ly T,

Thus, we have the relative p-dependence of an infinite set of form
factors made explicit in terms of the kinematic factors <m!' ILP | m>
and, moreover, as we shall show, this form is guited to practical

calculations,

The expression (2,13) which relateg all the vertex parts to a
single ﬁnknown function (or at least to a limited number of them) is
the strongest result that can be expected from the relativistic symmetry
theory. When it comes to 4-point functiong it will generally be found
that the number of unknown functions, F , is infinite. This is
because the product of two irreducible unitary representations of a
non-compact group G in general leads to an infinite sum or integral
of irreducible represgentations. 5. For the 4-point function one expects
therefore, that the number of tower symmetry factors (m; my | m;my)
is infinite, so that a manifestation of the tower symmetry would be
difficult to pin down. The situation is different for level symmetries
however., It is important to emphaéize that one of the principal
results of previous work towards the construction of relativistic sym-
metry theories, namely, the emergence of a hierarchy of hybrid,
p-dependent, compact subgroups is again discovered here. These
special symmetries which heretofore were suspect because of unitarity

considerations, are now founded upon a manifegtly unitary theory.
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The hybrid symmetry groups G (pl, Py, . .'.) are defined as

the compact subgroups of G which commute with the boosts

p2 F
states will evidently be the same as upon rest states,

Lpl , L The action of thege transformations on the boosgted

G(p)lbm) = Z Ip m'> <m’l-q-(p) fmd (2,14)
where <m'!G(p)lm> = <pm'!G (p)!pm>.

The summation over m' in (2,14) is a finite one since a(p) must
be contained in the maximal compact subgroup, by reference to which

the rungs were labelled,

To illustrate, if one picks out from G thoge compact trans-
formatiops, G (p_1 s Py ,‘.'1?3_ ), which commute with Lplj Lp, and Ly,
then, fot the vertex (2,13),

- ’
-.ZE-; <M 187 Im{ > Ll Lpw pomd > (w1 1> /1G> =
= <pwmlpm, hs, D

which shows that G is a symmetry of the matrix element <p;m,i
Ppemy pzmg>. Similar considerations apply to matrix elements

with any number of momenta, If G = U(6,6) then the hierarchy

reads
U(6) x U(6) for 2-point functions = (rung symmetry)
U(e6) for 3-point functions (collinear symmetry)
U(3) x U(3) for 4-point functions (co-planar symmetry)
and U(3) for 5-point or higher functiong.
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The price for having made these symmetries compatible with unitarity
is of course the infinite numbers of particles which must fill all the
higher rungs of a U(6, 6) tower, The infinity is easily seen to be
necessary if one allows for the inclusion in the intermediate states

of the unitarity relations of particles with arbitrary momenta because,

if q#p, ... then

G (h..) lgm>

2 \Gm' D> | L; G(p,..) L‘i- lw>

where the summation generally extends over all the levels.

Further, all of these particles mugt possess the same magsg if
the tower symmetry - and with it the unitarity of the S-matrix - is to
survive, A mass-breaking immediately produces an incompatibility

of the hierarchy of symmetry groups above with the unitarity condition
ImT=TpTt

except in the situation that only such intermediate states are allowed
in the sum on the right which themselves possess the symmetry of
the hierarchy, Since we expect from physical evidence12 that the
mass differences between the rungs of the towers are quite large,
there is little hope of being able to define a ''mean-mass'' for a given
tower which could realistically approximate to the different " rung
masgsges'. This may therefore present a serious difficulty in giving

credence to the results of this theory.

Summarizing: Let us assume the existence of an infinite
number of multiplets, constituting the rungs of a tower of non-
compact symmetry, and agsume that all such multiplets possess the
same mean mass. Provided that there is a unique coupling of three
such towers, the over-all fower symmetry ensures that there is one

scalar form factor f (p%, P53, p3). It also specifies unambiguously

-10-

——————— s ———— e —







