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PARTIAL WAVE ANALYSIS Iff TERMS OF THE HOMOGENEOUS LORENTZ GROUP

1. INTRODUCTION

In a series of recent papers TOLLER ' has made a fundamental advance

in noticing and exploiting the extra O(3$l) invariance possessed "by the

elastic forward scattering amplitude. The new invariance leads him to an

expansion of the amplitude in terms of unitary representations of the group

S0(3,l). This is in contrast to the normal partial wave analysis which is

an expansion in terms of unitary representations of S0(3) - a much smaller

structure . The new expansion - embodying the higher symmetry - leads to newer

insights; for example, if the new partial wave amplitude, labelled with the

four-dimensional generalized angular momentum O" is assumed to be meromorphio

for complex cx» one finds that to each pole in O"-plane there corresponds

a family of integrally spaced daughter poles in the complex J plane for the

partial wave amplitude CL » This parent-daughter phenomenon anticipated in

the works of GRIBOV and VOLKOV2% D0M0KOS and SURAMYI5 \ and rediscovered

recently by PREEDMAM" and WANG , finds its most complete expression in

Toller's development insofar as,in contrast to the other authors, Toller takes

full account of the very essential complications introduced by spin.

The aim of the present paper is to generalise Toller's work on elastic

forward scattering and to expand the general two-body amplitude for all

values of momentum transfer in terms of unitary representations of S0(3»l).

That such a programme is feasible and that it may be expected to lead to

new results has already been demonstrated by OAKES^ and DOMOKOS ' for scatter-

ing of equal or unequal mass partioles when no spins are involved. In this

simple oase the amplitude is a function of scalar products of incoming and

outgoing momenta. Such a function (or rather its analytic continuation to

a Euclidean metric) can always be expanded in terms of a complete set

of four-dimensional Gegenbauer polynomials.

Our concern in this paper is covariant inclusion of spin. One simple suggest-

ion for doing this would be to separate out all spin-dependent factors and

to write out the general amplitude in terms of soalar amplitudes of the

type used in Mandelstam's representation. For these one could certainly

use the Oakes-Domokos Gegenbauer expansion.
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Unfortunately this straightforward procedure suffers from two

defects. Firstly the choice of the amplitudes is arbitrary. Secondly,

one would lose touch completely with Toller's development fer forward

scattering which employs the more physioally transparent helicity formal-

ism and which must serve as a neoessary boundary condition for -any .Ot.ĵ l)

expansion of the general amplitude, In this paper we find such an expansion,

using conventional helicity formalism as far as possible . Unfortunately

the formalism gets involved in a multitude of indices which somewhat obscure

the simplicity of the basio ideas.

Even at the risk of repetition we therefore present a resume of the

argument in this introduction.

Consider scattering of two incoming particles of momenta, spins and

helicities p., S., >. y i » 1,2 to outgoing partioles i = 3,4 . Instead

of the conventional S-matrix, we choose to disouss the equivalent trans-

ition matrix S whioh takes p.̂  , p^ —> p2 , p.. This can be expressed in

terms of three independent vectors P•• p 1 - p, - p^ - P2 (momentum transfer)

and the relative momenta q » p, + p, , q* • P2
 + P/ » *-n "fclie

IV
The f i rs t problem we face is that of covariant composition of S-j, A 1

and 5,>^j. For Toller's case of zero momentum transfer P •» 0 and p^ » p^

so that one can simply "add" spins and helioit ies. In general, of course,

the very definition of helioity t ies momenta to spins and these must be

decoupled before any "addition" is possible. Most of the prepossessing

nature of our formulae oomes about this conceptually very simple step, with

i t s standard procedure of passing from the helioity basis [p , hi to the

well-known ^(dotted and undotted) spinor basis | p , A> and |p , A) . We

thus employ, as i t were, an M-function-like approach and pass from

|q ; S1X1 ,S3 X_ĵ> to |q; S^ , , $j A3) and then,finally, after a Clebsch-Gordan

composition to "states" |q, J , Â> reducing the problem to that of an

expansion of ( q* J' A' | S(P) | q. J A> .-

This is the step where Toller s ta r t s . For the forward scattering

situation (P .̂ - 0) he notices that the state q.' is created from state q,

by a simple Lorentz transformation. In the frame where we take q + q.'

along t and q - q' along the z-axis, the q. to q,' transformation is an 03

rotation through the angle ^ between q and q»



Thus <<^'A'|3(O){GJ-A> K, < 3 > ' | & V o ) ^ - ^ [ J A > ( i . i )

so that the expansion problem is simply the problem of writing matrix

elements of the Lorentz rotation operator on th6 right of (l). These
•• 7 )

matrix elements are well known; they have been computed by STROM;J,

TOLIJ3R \ DAO WONG DUC7 ' and others and are conventionally written as

5>\° > " h . d^f (K) ' The labels 0o
 and C correspond to the two

invariants of S0(3,l) - one discrete (j ) and the other continuous (C").

The S operator is a sum over j and an integral over C and there is no

helicity flip (^ - X, - \ " \) a s o n e should expect for forward scattering,

Now,although Toller has not considered this case, his considerations

apply equally to the case when S is an invariant function of the f our-

vector P^ ( i.e., S« S(P )), This is the key observation in what follows;

linked with this is the observation that such matrix elements are flipless.

Our general procedure then is simply to express spin-flip amplitudes as a

series of kinematic terms'*^^multiplied into (an equal number of) flipless

amplitudes of the form (J-ST)?(q' J' B j 5(P ) j q J B) . These amplitudes

are as it were half way between helioity and scalar-invariant amplitudes

and are constructed in Sec. 3 so as to give Toller's amplitude naturally

in the limit ~PM » 0.

In Sec. 4 is exhibited the parent-daughter phenomenon which arises

when the 0(3,l) expansion is recast into the conventional expansion based

on the functions ^m>(0)» We expect that,besides the phenomena, the new

separation of kinematics and dynamics aohieved through the use of the new

expansion in this paper may prove of more fundamental significance for the

analysis of the scattering amplitudes than the separation achieved in the

conventional partial wave analysis.

*) A similar but not identical isolation of spin-flip factors from helicity

amplitudes was carried out by GELL-MAHIT, GOLDBERGER, L0¥, MARX and

ZA.CHARIASEH (Phys. Rev. 133, B, 145, (l964jD in defining their new amplitudes

for reggeisation*
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2. SPIN DECOUPLING

The representation of the Poincare group associated with a physical

particle of mass m y 0, spin S,helicityA » and positive energy is

spanned by the set of basis vectors

(2.1)

where p - (m, 0 , 0 , 0 ) (2.2)

and p - m(cho( , shK s in0 cos^>, sh« sin 0 sin CD , she* oos£) (2.3)

with 0 4 ^ < 21T, O i 6 4 T T , ON<0( <00 . (2.4)

The Jav operators denote generators of homogeneous Lorenta transformations
The subset of s ta tes with p • p i s defined by the S0(3) conditions,

J2

J12

s(s + i)|J sA>,

sA>. (2.5)

Under homogeneous Lorentz transformations we have, from Wigner's well-known

theory

u(A)|psX>- IhMV>Djx(L"' ALf) (2.6)

The crucial point is that D5is a representation of the 30(3) little group;

this form of (2.6) is possible because the transformation L.^ A !_*, itself

belongs to S0(3).

One of the most important ingredients of the -development presented

here turned out to be the necessity to deoouple the p-dependence of the
A ̂

spin transformations. The formalism for doing this is well known . One

modifies the basis system, the connection between the modified basis and

the set (2.l) being provided by the (2S + l)~dimensional representations

of the homogeneous group. In order to fix the notation we shall review

briefly some of the features of these representations..



It is usual in treating the finite-dimensional representations of

SO(3jl) to express the generators, Sa\t in the form

J12 " K3 + ^3 » i Jo3 " K3 " ^3 ' °y ° l i c a l l y (2.7)

where the operators JK and j ^ obey the commutation rules of S0(3) x S0(3)f

i . e .

, K2] - i K3 ,[Lx , L2] » i L3 cyclically

and [K± , L.] - 0 (2.8)

The irreducible representations, D , are then specified "by a pair of

integer or half-integer numbers (kj) where

2 Z l) (2.9)

There are two alternative sets of basis vectors which are useful for
expressing the finite-dimensional representations: one which diagonalizes

2
K-, and L, and one which diagonalizes J, and J12« These are written

|A , B> , A - -k, -k + 1, . . . , k j B - - i , -X + 1, . . . , i (2.10)

and A > , j - | k - f l f | k - j P | + i f . . . , k + i i A - - J t . . . i d (2.11)

They sat isfy the eigenvalue equations

A B > - A | A B ) , L3 |A B> - B I A B > , (2.12)

J 2 | d X > - j ( j + 1 ) I 3 A > f J 1 2 | j A > - A | - j A > ( 2 . 1 3 )

Since _J - K_ + JL. y the connection between these basis systems is provided
by the ordinary Clebsch-Qordan coefficients.
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(2.14)

We give examples of finite transformations in the fA B^system. Firstly,

corresponding to a purely spatial rotation,

|A'&'> 3>

we have

U ( <f , B , Y ) ) A B > - Z - I A ' & ' > X>A^ ( t p t © ^ ) ^ ' ( j ^ 9 ' ^ r {2.IS)
A'B'

where D,, , and D-,,- denote the usual S0(3) rotation matrices:
A A an

and similarly for D^,_ . It will suffice to exhibit only the pure Lorentz
-D .hi

transformation in the 03-plane since any other can he built up from this one

together with appropriate spatial rotations. Using ^JQI " K, - L, we get

It is a simple matter to express these transformations in the j jA^basis.

Thus
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-/Of _

where

Of particular interest to us in the following are the representations

DJ and D which are irreducible under S0(3). Since the Clebsch-Gordan

coefficients reduce to Kronecker symbols in these cases the distinction

between the bases (2.10) and (2.1l) disappears. For the finite transform-

ations dealt with above we have

U : ) J > = | S A > e

A'
f (2.22)

(2.23)

Finally let us remark that the decomposition of a direct product of two

irreducible representations is little more complicated than the oorrespond

ing problem in S0(3). Thus,

D» (2.24)

-7-



or, in terms of "basis vectors,

or \

I M A ^ A ) £ l kA M « * > < M A > (2.25)

where, in the last expression a 9-j symbol has made its appearance*

Returning now to the problem of deooupling the p-dependence in the

transformation law (2.6) we see that sinoe D and D° are irreduoible

under spatial rotations, it is always possible to write

( 2 . 2 6 )
so . _, ^ so . v ^ so

or, alternatively,

( 2 < 2 7 )

Let us therefore define the modified basis systems

p S A> - l | p S A > D ^ (L^) (2.28)
A

and |PSA> - I]pSX>l>£ (I-J) (2.29)

It follows immediately from (2.6) that under a homogeneous Lorentz transform-

ation these states transform respectively according to the laws
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U ( A ) | p S A > - L l A ^ S A > J>A.A(A) (2.30)
ft1

U ( A ) | p S A > - E | A f S A ' > T ^ ( A ) (2.31)

As it happens, the set (2.29) transforms contragrediently to the set
(2.28). This follows from the non-unitary nature of the finite-dimension-
al representational

f = 4 ^ (2.32)

If we adopt the notational convention

< | p S A > * = < P S A | > , < ^ | p S A > * - ( p S A | )

then, corresponding to (2.28) and (2,29), respectively, we must have

< P S A | - Y^TQ ( L t ) < j . S X I (2 .33 )
A

<P S A| - ^ ^ ( L f X f S A l (2.34)

Thus, in par t icu lar , the orthogonality condition reads:

&(p2 - m 2 )<p S A | p 'S B> = ^ ^(p - PO .

Let us note f ina l ly the expl ic i t form taken by the matrices in (2.28)
and (2.29) when L refers to the "boost defined in (2 . l ) s

|[ s



The application for which the above formalism has "been developed

concerns the analysis of T-matrix elements. Let us oonsider the process

P4 54 A4 I T i Pl ^1 Al * P2 52 *2> where the A'B denote

helicity. From this matrix element we can define a new one "by

<?3 S3 *3 ' P4 54 M I T I pl Sl Al ' P2 S2 *2> -

C ; V ^ (2-37)

The newly defined matrix element, which is a type of M-funotion, satisfies

the invarianoe condition

< P 3 S3 A3 , p 4 S 4 A 4 T I P l Sx ^ P 2 S2 S 2

A more compact and convenient notation for this matrix element can be

introduced if we define the three independent vectors

P - P l - P3 - P 4 - P2

2<1 - Px + P3

2q - P2 + P4 (2.39)

Let us therefore oouple the spins S1 S3 and S2 S. writing

T

-10u
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(2.40)

The matrix element ^q'J'A'|T(P) | q J A) satisfies the invariance condition

<q'J'A'|T(P)|q J A> - I tfjj f A"')< ̂  *'# I T^P) I A^T6> D^M

(2.41)

for any homogeneous Lorentz transformation,A. An equivalent formulation

of this requirement is contained in the three relations

J'A'| U-1

T(P) U-1(A) •» T (AP) (2.42)

Let us denote by L~ and L~* two transformations which carry q and q',

respectively, into the time axis

L"1 q = ̂  and L ^ q'. J' (2.43)

where q and q'have vanishing space components* With these notations we

can write formally

(2.44)

thereby expressing the matrix element as a function of two Lorentz transform-

ations.
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Now our principal aim in this paper is to develop the matrix

element in irreducible unitary representations of the homogeneous

Lorentz group. This can be done by standard group theoretical techniques

provided that that we reduce it to a function of only one Lorentz transform

ation. In the following eection a method is presented for separating out

the angular dependence on P^and once this has been done ve shall have, in

effect,

T( A p ) - T(P)

For the special circumstance of forward scattering (P» • 0) this is of

course unnecessary - the expression (2.39) already contains only one

Lorentz transformation.

Let us assume for the present that T = T(P ) and so proceed with

the development. For the matrices of irreducible unitary representations

of the Lorentz group we adopt the notation - in

A - -o» ... , j

X = -j'f .- , 3 (2.45)

The labels j and (T are given in terms of the two Casimir invariants by

The representations of the principal series, which are the only ones we

shall need, are given by j and<rin the ranges

* 3o - 0 , i , 1 , 3/2, ...
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0 4 - icr <.oQ (2.47)

Th« structure of the raatrioea (2 .40) i s euoh that fox* purely spat ia l
rotations, R, we have

( 2 - 4 8 )

where D^» denotes one of the usual S0(3) rotation matrices (2.17).

Corresponding to the pure Lorentz transformation in the 03-plane through

a hyperbolic angle (cf. (2.20)), we write*)

The group theoretical result which we shall exploit is the theorem

which states that any square integrable function over the Lorentz group

may lie expanded in the representations of the principal series. Let

f(A) he such a function. If we define the coefficients

(2.50)

where jdlA denotes the invariant integral over the group, then we can make

the expansion

l ^ J; ) (2.5D

Applying this to the function < £ 5'B'|T(P ) U(A) f q S B)> and using in

addition the properties

*) In the papers of Toller ( Do»<r) —»-(M, A)» O^r notation in (2.49) differs

slightly in that Toller writes
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U(R) | q J B > - [ | a J A > D ^ (R)
A

A(

for purely spatial rotations, we get

l J B >

and, conversely,

<S J'B' |T(P 2 )U(A)U J

- X [*r$-O <J'lT#"^MJ>"^ (A) (2.54)

where M denotes the lesser of J and j ' . Inserting the expansion (2.49)

into (2.39) we get

<q'j 'A'|T(P2)| d J a> -

&•" i te' (2.55)

In a suitably chosen frame it is possible to fix L and L by

in which case we have
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