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REGGEIZATION OF INTERNAL SYMMETRIES

In this note we suggest a new approach to higher symmetries,
and mrticularly to the particle spectrum associated with them, based
on a generalized partial wave analysis of the conventional S-matrix.
We exploit the fact that partial wave analyses can be effected using
(almost) any complete set of orthogonal functions and in particular
(for certain classes of S-matrix elements) using orthogonal sets
defined on the higher symmestry groups. The partial wave amplitudes
turn out in such a scheme to depend on the Casimir invariants (C) of
the symmetry group in question. An assumption of meromorphicity of

the amplitudes for complex C then leads to the following results:

1) Reggeization of ordinary spin gives rise also to

recurrences in internal symmetries.

2) The generalized Regge recurrences can be arranged in
sequences which are in one-one correspondence to runges of

appropriate non—-compact group towers.

To illustrate we consider Wigmer's higher symmetry, SU(4)%0(6).
We label the set of 1-particle rest statea} G> - ‘Ampmqm,&> where G

1)

denotes the Gel'fand pattern

defined relative to the chain of subgroups
0(6) > 0(5) = 0(4) = 0(3) = 0(2)
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and & is the reduced sub-pattern /fa b
q

I
I,

In a six-dimensional space (xl, - xé) where Xy X, X4 correspond to

the physical dimensiors and X, %5 x; to internal (I-spin) co-ordinates,
we label the representations of

O(6) rotations in x,; X, x5 X, X, X, Wwith Casimirs A p, q,,s

0(5) " "X ox, X, X %, y " ab
0(4) " " x, X, Xy X, " " Pa
0(3) " " X, X5 %, " " I
o(2) " " x, X " " I,

The parameters which enter into the labelling of an irreducible re-

presentation of O(6) satisfy the inequalities

A3 a2, b > g
azp 2 b 2 -
p>2I 2 |al

I 21, 2 -I

They are all integers or half-integers. As is well known, the

dimensionality of the representation is

O;ié;![(pm"' A * l)(ph\ - qw.+ 1)(/\"‘"'9“ +.1)(Ah‘-¢ q“‘\+ 2) '

c (ap* A + 2)O+ B, + 3)]

while %{pm +4q,,) s #p, - a,,) take the values O, % 1, 3/2, ...

and A\, =Py = O 1y 2, ... The spin-isospin (S,I)~ content of the
multiplet can be worked out: thus, for example, )‘m is the largest
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value of S, (or equally I, ) in the multiplet, p, is the largest

value of I (or equally 5, ) for a state with S; =, (for a state with

Ig = S E

Some typical representations corresponding to (,,\h‘ y Dy, 9 qm)
with their (2S + 1, 2I + 1) content are

15 = (110) = (13), (31), (33)

64 = (210) = (13), (31), (33), (15), (51), (35) , (53)
20 = (223 . (22), (44)
8 - (319 = (22), (24), (42), (44), (46), (64)

Given two incoming particles in the centre~of-mass frame,
|a , oy Xy >, one can use an 0(5) Clebsch-Gordan composition to form
the statse

gy = ) | 4 > <y«

(The intrinsic labels N, 'y Py s Gy, 0 A, are

m? Pom? Lom
suppressed for brevity). The soattering amplitudes may be expressed

in the form:
-1 6
oy TCO)|w'> = (x|Te ' |u'd

where 8 denotes the scattering angle. It is our purpose to expand

these amplitudes in a complete set of functions characterized by the
labels o, ot . Making the dynamical hypothesis that-the scattering
operator possesses O(6)-symmeiry, the appropriate functions clearly

are the 0(6) rotation functions

. 2". P*m Qm
-184d vt - , d (6) .
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The string of 6—-—fu:nctions express the fact that J44 commutes with the
I-spin and 0(2456) sub-groups. Thus we shall write

. ) R _ N . P fow G
CalTlo)l') = 6 .6 8”7.&,%, 2 cabf T gy @) ! ,(8)

33 vy obpqla’l ?

FFM%F\
(1)
where
@bl Ty = D (dosmle d™FY (5) <abp | Ti0)i0h e
M Aolpg)e’y

(2)

The summations in (1) are restricted by

A28 235,203 |g|

and

A a') Py 2 b’ 3 \qm‘;

go that p, and q, oover a finiie range while )\m varies from

nax(a, a)) to + 00,

We may go further and assume the existence of functions
merocmorphio in )\m which interpolate the physical (integer or half-
integer) points. With appropriate assumptions about asymptotic
behaviour in the )«m-plane we perform & Sommerfeld-Watason transform-—

ation obtaining thereby the expression

clTioNa> = L\ D 5 copppiabalog oy =y
24 SW-TC),“ P"'C‘ﬂ abf?q’)l"b' .

+ pole contributions. (3)




Disregarding the signature complications, the contribution of a pole

at )\M- 5 {t) would be

<0.b|@ﬂh%la'b'> d"‘ T
Sin JT ab(_m) a'b’

(8) (4)

The trajectory X, = ®(t) would then tie together a sequence of
0(6) representations D Pm¥m with

where (, is an integer or half-integer.

As an example let us consider the elastic scattering of

an 0(6) singlet by a 15-fold. For this simple case it is of course

not necessary to know any O(5) Clebsch-Gordan coefficients. The
0(5) contents of the initial and final states are fixed by

(3!b) - (1v1),(1’0)

We have, therefore, the following amplitudes:

<10] T)\m Fon Yom ‘ 10 > with Py ™ 0,1 ’ Qo = 0
<1J)‘1-AMFh%”‘|11 > " Pn‘ = 1 ' . qm - 0]
<r11!-T)“HRh%m‘1]-> 1" R“ - 1 , q“‘ - 0’1

leading to the trajectories

(1) :(0,0,0 =1, (1,0,0) =6 , (2,0,0)
(r1): (2 ,1,0) =15 , (2,1,0) =64 , (3,1, 0)
(111): (1,1, 1) =10 , (2,1 ,1) =45 , (3,1,1)
(V) : (1,1,) =10, (2,1,1) =45 , (3,1,4)

y =1

= 39, e
= 175, oea
= 126’ R X}
= 126; ane



The high-energy behaviour of the scattering amplitudes should

be dominated by the X, —pole with the largest value of Re( X\, ). This
requires computation of the asymptotic behaviour of d P fon oy (9) R

ab( m)ab
a tedious caloulation., However, we know that
lnm’ o &+2 }m
! 8) o (sm® 60 wno
ao[oo)ﬂo( ) (sm6) C’V“( G

and for the general ocase our conjecture™ is that

A lhu-b) = 160-q]
dﬁ.p.q.. © ~ (mg) p-p) - 19uq,
ab(pq)a'b

Thus we expeot

IR 1LY,

{a,b![?,hq" la't'> lwef‘"“"“'”"'ﬁ"'ofl (5)

S T

From this viewpoint one sees that the dominating pole is no longer
clasaified by the I-value of its trajectory but rather by the new
quantum numbers p,, and gy, . Such a trajectory gives rise io
supermultiplets generally combining several I-values (as well as spin
values ) when it passes through integer values of /\m . The asymptotio

* This conjecture is based on the analogy provided by the mini-universe
(ses below) in which the rest symmetry is O(4). For this case the
relevant functions are th;'(q (#) and their asymptotic behaviour has

been derived by ’I‘OLLERB):J J |

p- 19 M
3)\3, ( ) ~ (COS 9)



oxpression above sutomatically takes account of contributions from
all these relevant multiplets. The formalism thus far reggeizes

both spin and I-spin, treating both on equal footing.

There is, however, a real sense in which spin is differentiated
sharply from I-spin. The physical S-matrix is a sub-matrix operating
within the 0123 sub-space and diagonal within 456. This, as is well
known, means that physical unitarity must aclt as a breaker of the
exact O0(6) symmetry postulated above. Our viewpoint in thie note
is that the symmetry breaking will occur and will in fact split the
super-multiplete according to spin; however the overall pole structure
in ), ~plane may be expected to survive. To study the spin=- '
dependence explicitly and to exhibit the form of the expressions which
arise, we consider a model theory in a mini—universez) of two space-
dimensions with an T-space of two dimensions algo. Thus instead of
0(6), take 0{4) as a rest-symmetry where in a four-dimensional space
(xj_ X, Xqy Xy ) where xq %, correspond to the physical dimensions and
X3 X, to internal co-ordinates. We adopt the chain of rotation groups

o(4) in x %, x4 x# with representations labelled by p 4, g
0(3) ] X, X, xlr ] t " " £

0(2) " x, x‘* " " " " m (_ I—spin)

The l-partiocle rest states are written [ of > where & now denotes the
Gel'fand pattern

P a




The dimensionality of the 0(4) representations is given by

(p+q+1)p-q+1)
The scattering amplitude takes the form

Gl TE P gD = b Z <1 TS d# (8. (6)

The analogue in this theory of a familiar partial wave expansion
takes the form

Gl Te %R 1§D = 2 ComiT Igm)> d7(9) @)

m w

where dA(O) . o7tAE

The commection between the amplitudes T" and the Tm’ is obtained by
Fourier expanding d;:{,(e) in terms of Cl)(e),

dr. @ = 2 Gpyinin) 876) (3] po §')
i’ ?

There are a number of ways of expressing the coefficients, (pq fm ] Ay
for example, as a ClebsohaGordan symbol of 0(3).

(b%fmlm) = ({ﬂtlkﬂt"‘*l {%11!_?>



With the help of this expansion we ocan write

<fm|'1'"(t)]f'm) - Z (qum[)\)(f]tv?“'(t)lf’)
"

(A] pq £'m) (8)

Presumably an analogous (though much more complicated) expression
could be written down which conneots the O(6) amplitudes

< abl T,\'“chbm'a'b') to the ordinary partial wave amplitudes

<a.b pql TI| a'd' pq) . On the agssumption that such relations
can be continued to complex values of A, and J (or p and A for
the mini-theory), it would follow that a simple pole in the A, plane
would correspond to a sequence of satellite poles in the J-plane

(likewise for the p and A poles). We must emphasize that the residucs

of these satellite poles are fixed relative to the parent by the
coefficients (pg fm I X)) (Al pg £'m).

The unitary requirement on the physical S-matrix astates that
In 770 = k' T)\lz . Uging (8) we thus derive a non-linear relation
between the amplitudes p PV « This relation is unlikely to be satisfied
without symmetry breaking. It is a problem for future investigation how
such a symmetry breaking will affeot the location (and the existenoe)
of the poles postulated in the p~plane.

It is amusing thet in the development up to now we have not
needed any embedding of the (static) SU(4) symmetry in a relativistioc
group struoture, However, the implications of our higher symmetry
as regards partiole apeotra are not exhausted by the above disoussion.
In line with the recent developments in Regge theory which have revealed the
necessity of grouping Regge itrajectories :i:nto infinite families of dgt;ghters,
at

we may expeot to find analogous effeots in the present soheme, Thus




t = 0 (in elastic scattering) the disappearance of the momentum
transfer vector gives Tise to an additional symmetry whieh in our
model is the non-compact symmetry 0(6,1). This means that instead
of expanding the t-channel amplitudes in representations of the
rest symmetry O(6) we may, at the unphysical point t = O,expand

in representations of 0(7).4 The O(6) amplitudes TA“‘RM(LW

at t = 0 (and at all t for the specia15 "fliplesa case"
<:ab|T8;§)pmqm]a' bty woere the cross-channel incoming and
outgoing values of p,q equal p', q') could be expressed in terms
of the O(7) amplitudes TP with

N - ‘>\h\+n
P - pm+n'

Q@ = [q|+n"

where (n , n' , n") takes integer values; (the range of n' , n" are
regtrioted by the Gel'fand inequalities , see below) . Assuming
that such an expression cain be oontinued in the oomplex

FQ

X Plane, then a pole in T n at APQ would correspond to the

set of generalized daughter poles in TA"Vﬁ“$'“.

Returning to the example, 1 + 15— 1 + 15, if we assume
that the 15 and 1 have the same mass then at 1 = O we have pure
15~folds for initial and final states, These correspond to the

values
(Arvw P‘“’%h\) - (1 4 1 ] 0)

£
and so if we expand the amplitude in O(7) representations, p PR

then we need to include in the sum only those representations with

A>»12P%2 1% Q30

i.0., Q = 1,0 y P = 1 and A = 1+n .
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We oan make a table to indicate the oontent of these representations.

Corremponding to P = 1, @ = O, we have

A = 1 ocontaining A, = 1

m
VAR " Ay = 2 4 1
/\ = n " AMH n [l n-1 y eew 3 1
Tha J\“\values listed here may be arranged into columng < each

g%%_%gggg}i tation of

columr having the same content as an irre&%ggﬁig
the non-aompact group 0(6,1). Thus, the set (A, s Dy Qpy) =

= (1,1,0)+(2,1,0)+(3,1, 0)+ ... corresponding to
the O(6) supermultiplets 15 4 64 4 175 y..., which is Tepeated
infinitely many times, has the cont;;; of an irreducible Te-
presentation.of 0(6,1). Likewise P =1 , @ = 1 reproduce the
content of a tower with rungs of 10, 45, %2§ s.+sy particles.

The "towers" we are thus generating through a process of reggeizing

of course do not correspond to one single irreducible representation

of the non-compact 0(6,1). Rather, each rung belongs to a different
irreducible representation which is labelled through a t-dependent
Casimir operator A(4). This is a situation fully familiar for

the archetypal example of all non-compact ideam, the hydrogen atom
whose O(4)-symmetric levels can be arranged in a tower which has the
game content as a representation of the non-compact 0(4,1). However

there is no single irreducible representation of 0(4,1) to which

this tower can bs supposed to correspond except in the highly de-

generate idealization where all levels collapse on to one mass value,

The major value of the theory presented heré, in our view,
lies in the definite prediction of a possible particle spectrum and in the
implicit internal symmetry-dependent high—energy behaviour frelation (5)).
We have not worked out the case of SU(6) in detail but our conjecture

ig that the appropriate Casimir which gets reggeimed is the quark number,
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We intend to return to this problem. The present theory is to be
contrasted with the prediotions of groups like U(6) x O(3),the
distinction of the predicted particles lying, for example, in the
existence or non-existence of SU(3) 10's and 27's among the higher
meson resonances,., Presumably one can also make siatements in the

present theory regarding high—energy behaviour of Iw-spin flipping
amplitudes in photon—induced Interactions,
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