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ABSTRACT

In earlier work the reggeization of approximate dynamical groups

has been presented as a calculational method for classifying particles

and evaluating S-tnatrix elements at high energies. In continuation of

this work, a specially simple model is considered where just one invariant

of the higher U(6) x U(6) approximate symmetry, quark-plus-antiquark

number is reggeized. The resulting classification of particles

(according to their quark content) into exploding supermultiplets of

spin and unitary-spin and the formulae for computing S-matrix elements

are given for high energies where an exchange of an N-plane trajectory

in the cross channel may be expected to dominate the scattering. The hope

is that this analysis may help reduce the large number of parameters now

used in Regge theory by combining Regge ideas with higher symmetries.

The type of Fourier expansion on a higher approximate symmetry group

and the Regge technique used here for evaluating asymptotic

behaviour may possess wider applications than the case considered in

this paper.

—1—



REGGEIZATION OF QUARK NUMBER

1. A REGGE MODEL OF HIGHER SYMMETRIES

The Regge method in strong interaction physics originated in

the study of the S-matrix for complex values of angular momentum,

and has recently met with a certain number of successes in describing

elastic and inelastic two-body reactions. Even where it has succeeded,

however, it has been necessary to admit a large number of residue

parameters with no guiding principle to limit their arbitrariness. A

similar situation prevailed in the absorption model description of low-

energy scattering; recently, however, higher supermultiplet theories

(and in particular U(6, 6)) were used with fair success to constrain

strongly the values of the coupling constant parameters that entered

into the Born approximation. One may expect that a marriage of super-

multiplet schemes with Regge theory would be desirable in that it may

suitably reduce the number of Regge parameters. We shall describe
2)

below one attempt at obtaining these correlations based upon a super-

multiplet scheme that reggeizes the quark number.

The basis of our scheme is the following. Angular momentum is

but one of the conserved quantities on which S-matrix depends. In

particular, if a system possesses a higher spin-containing symmetry,

there may be other conserved quantities (Casimir invariants of the

relevant symmetry group) which it may be more profitable to complexify

and reggeize. For example, with the hydrogen atom it is well known

that one obtains a deeper insight into the dynamics of the bound states

if it is the principal quantum number (connected with the well-known

O(4) symmetry of the system) that is reggeized rather than the angular

momentum. For hadron physics the U(6) ® U(6) group appears to be an

approximate symmetry for classification of particles. The analogy of

the principal quantum number for the hydrogen case here would seem to

be with the total quark number N (half the number of quarks plus anti-

quarks) and an analogous reggeization of this number appears to be
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indicated. One may now go further and explore the dynamical

consequences for high-energy scattering of such a reggeization

procedure and it is this aspect of the scheme in terms of its practical
3)applications which we wish to stress in this paper

The consequences of the scheme are two-fold:

2
i) One obtains two master trajectories {plots of Re N versus (mass) )}

one for mesons (B = 0) and one for fermions (B = 1). For

M > 0, Re N goes through 1, 2, 3 , . . . for mesons and 3/2, 5 /2 , . . .

for fermions. On present evidence it is not excluded that this

simple picture of Regge recurrences classified according to quark

content can accommodate all known semistable meson and baryon

states. The idea that there should be basically only one baryon

and one meson entity was proposed long ago by Weisskopf.

ii) To evaluate the high-energy behaviour of scattering amplitudes we

make the Regge assumption that the amplitude is dominated by the

contributions from an exchange in the crossed channel of these

master trajectories. The residue functions automatically satisfy

Uw(6) invariance.

It appears that this Regge model will provide a reasonably

restrictive theoretical framework for analysis of experimental data.

Naturally this theory will not provide any antidote to the obvious failures

of conventional Regge techniques nor will it provide a fundamental answer

to the unitarity difficulties which beset supermultiplet schemes. But it

does give the possibility of building unitarity into the formalism as

this is always done in Regge theory, i.e. mainly through the signature
4)factor. The new formalism will^however, certainly provide relations

between presently used Regge residue parameters.

2. PARTIAL WAVE EXPANSION IN U(6) ® U(6)

The basic ideas of the approach were described in I and II. Here

we shall present a simplified version of the generalised expansion

technique, proceeding by direct analogy with the conventional partial wave



expansion of the S-matrix, The conventional partial wave expansion

can be understood either as a consequence of rotation invariance of

the S-matrix - and this of course is the deeper point of view - or,

alternatively, as a mathematical expansion in terms of an appropriately

chosen complete set of functions. It is this latter point of view that

we wish to stress in this paper.

The rotation symmetry of the S-matrix manifests itself in the

following ways:

a) Particles at rest group themselves into (2J+1) component

multiplets of SU{2) . (If the masses of the particles vary with J,
J

one has a strong suggestion towards grouping them on a Regge

trajectory).

b) A three-point function with all particles confined to the O-3 plane

shows helicity conservation

T (6)

(2.1)

c) A four-point function with all particles also confined collinearly

(forward scattering) shows net helicity conservation:

= I T

Suppose now that we are dealing with a non-forward scattering

amplitude with the final particles rotated through an angle B out of the

03 plane. We can always extract the angular dependence of T(E,0) by

expanding in a complete set of orthonormal (square integrable) functions

as followst

TV
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The completeness of fn means that a one-one correspondence between

T and T(0) exists. If we know nothing about the rotational invariance

of the S-matrix but simply that conditions b) and c) hold as empirical

experimentalfacts,it is appropriate to choose the complete set of

functions fn to be the two -labelled function d> >, (6) satisfying

^1 M(0) = 6\ -it > a s o n e well knows, a class of such functions is given
A A A A

by the rotation functions of SU(2)L. Thus one writes the mathematical

expansion:

(2.3)

Expressing the summation as a Sommerfeld-Watson integral, one may

tie in c) with a) and b) in the well-known manner by proposing that

(E) exhibits poles in the expansion-parameter J according to

\

Let us generalize. If the rotational symmetry SU(2) is
J

combined with SU(3) to give a possible rest symmetry

U(6) 8 U(6) and if U(6) x U<6) was known to be the symmetry

of at least a part of the S-matrix - a very strong assumption and

certainly false for the exact S-matrix - the symmetry would manifest

itsel. in the following waysi

a1) Physical particles group themselves in U(6) ® U(6) multiplets. 5 '

(If the first few representations are known it would be natural to

attempt to trace a Regge trajectory through them.)

7)br) Three-point functions exhibit W-spin conservation (generalised

helicity conservation - see Appendix). Thus

r.i/ir n» %



= L <£WlVtf,vO T , u . (E> (2.1')

where <?w| W W > denotes the U(6)w Clebsch-Gordan

coefficient which couples D J- ® D ^to D . In general there

is more than one independent coupling. It is therefore necessary

to include a parameter t to distinguish among them.

c!) Collinear scattering processes also exhibit U(6)w conservation

V M < 2 ; W I W , 2 > (2.2-)

d1) Non-collinear four-poirtt functions show conservation of coplanar

symmetry U(3) ® U(3) which has no analogue for the smaller

rest symmetry SU(2) .

If we accept only that a'), b1), c1) and d1) hold as empirical

facts (at least to a fair approximation), we may adopt the mathematical

expansion theorem attitude and express non-forward scattering amplitudes
N

in terms of the complete set of suitably defined functions dw w , (0) as

follows:

To satisfy the boundary conditions b1), c1) and d1), the suitable

definition of d
w w , (0) turns out to be that these functions are

N N
U(6) x U(6) rotation functions (dww,(0) = *AVW, J also d (0) are
diagonal in U(3) ® U(3) labels subsumed in W) but this is incidental

for our present purposes.
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What exactly is the nature of the relevant Casimir invariant N of

U(6) x U{6)? The completeness notion used here requires that we sum

over a one-parameter family of U(6) x U(6) representations $5 since we

are eliminating thereby a single angle 8 . Moreover, if the representations,
N

$$ are non-degenerate in their U(6)w content, i. e. if a complete set of

basis vectors can be labelled |NW)>, then the functions

are well defined. One may show that any square-Integrabl e function

defined over the interval 0^ 9 4 n and satisying the appropriate boundary
Nconditions at $ = 0, ir can be expanded in terms of the d w w t ( 0 ) if we

characterize the representation D by, for example, the symmetrized

1* * N-§B
U(6) x U(6) tensors $~ where B denotes the baryon number

? r ' * a N+|B
and N takes the values f B, §B+X, ^B+2,. . . , i. e . , N is the quark

number .

Returning to the expansion (2. 31 )rfinally one ties in the property a')
N

by assuming that T (E) exhibits poles in the N-Casimirs corresponding

to U{6) ® U(6) bound multiplets, thereby reducing expression (2. 3') to

<WJW4|T(E;0)|W1Wl> *

^ > l ? (2.4.)
N

This is the direct analogue of (2. 4).The rotation functions d (0) =

= <(NW|e" Z INW 1 y which make their appearance a re generalized
3

derivatives of the Gegenbauer functions C (see next section) just like the

d^ ^ which are generalized derivatives of the Legendre. We can

now pass to the Regge amplitude by making a Sommerfeld-Watson

transformation
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^ ^ ^ ( 2 . 5 ' )

2
where ofrrO = N is the master trajectory function. This is of course

the direct analogue of the normal reggeization procedure which yields

^^ (E)

Note the very close correspondence between eqs.(2. l)-(2-5) and (2.1 M-(2. 5').

If we multiply expressions (2. 5)or{2. 5') by the signature factors

(1 ± elira) we shall be taking some account of unitarity in the sense that

absorptive effects on the high-energy amplitude are incorporated through

this.

3. ROTATION FUNCTIONS IN U(6) ®U(6)

Any further progress requires a practical knowledge of the

J^TIr,(0) functions which appear in (2. 5'). This section is devoted to
2)10)

their computation and tabulation. The first and most direct method would
i N

be to work directly in the basis | NW y and to determine the dww,(0) by

setting up differential equations for them. A second, less direct, but more

feasible method which we shall use instead is to work in an auxiliary

relativistic basis J A... , .A )> and to calculate the (M-function-like)

d (6 ;̂ passing to t\\e standard basis via the transformation
1* ' N' 1" * * N

wave functions (A, . . ,A |NW) we recover the canonical d (0). There
are several advantages in following this seemingly indirect path.
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i) Crossing complications that occur in the canonical basis a re

avoided. All one needs is to differentiate between particle and

antiparticle wave functions u A A (NW) =<^A.. . . A J N W > and

vfl A (NW) =<vA . , A JNW >̂ , respectively, in passing from one
A j . • • A

N 1 -N

channel to another.

ii) Tied to i) is the problem of kinematical constraints on canonical

basis amplitudes T,w . in passing from one channel to another.

In the M-function approach these constraints are automatic (after

contraction over the wave functions) and need not be considered

separately providing that the invariant amplitudes in M are

kinematic singularity free.

iii) The use of the relativistic basis f A . . . AM >̂ permits us to discuss

in a simple manner the case where the total four-momentum vanishes.

Moreover off-mass-shell continuations appear to be more straight-

forwardly carried out for M-functions than for T,w ..

(iv) Thr- most important advantage of using M-function approach is that

symmetry-breaking prescriptions can be readily formulated,

particularly the symmetry breaking which comes about through using

physical masses of particles rather than mean masses of multiplets

and which affects even the Clebsch-Gordan coefficients (W1 W I W).

This is not easy to do after one has passed to T,w . .

The auxiliary basis appropriate toa')-dT) is of course provided by the
3)non-unitary representations of U(6,6). The interpretation of the super-

multiplet condition bT) is that one is limited to couplings involving the U(6,6)

auxiliary fields \p . (p) and the momenta q only, while a1)

Ay - « A
N A

is assured by subjecting the U(6,6) fields to subsidiary Bargmann-

Wigner equations, c1) and d') are natural consequences of applying

these rules to open diagrams.
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The d(0) functions may be calculated by inserting a general pole

contribution specified by the quark number N into the scattering diagram.

Before carrying out the contraction over external wave functions one meets
Nd (0) with a certain number of U(6, 6) indices (the number depending on

the external particles alone). It is these which we list below for some
Nsimple cases rather than the contracted forms d .

Take the case of meson (B = 0) exchange first and various simple

examples.

dN(0) = C^T(cos0) ; cos© = -q-q' + ^ ( 3 ' ^
Try

2) (1,1) + (6,6)^ -> (1,1) + (6,?)

There are two separate contributions to the amplitude corresponding
N N

to the canonical functions d.. 1 and a . The amplitude is therefore
J. X l o t )

described by the general linear combination

(3 .2)

where

v
_ ( r

# j (3.4)

3) {1,1) + (6,1)A -• (1,1) + (6,1)B

The linear combination here is modified to

9. V ^ B J CN
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4) (1,1) + (6,6)^ -* (1,1) + (6,6)^,'

This is a generalization of process 2), the amplitude now containing

a double derivative:

The single differentiation formula has been written above; the double

differentiation gives

2
Contraction of •:•• — over the external wave functions provides d__ r,r(6).oq oq r 3535

The calculations for more complicated d(6] involving further derivatives

have not as yet been carried out.

We now turn to "the simple cases involving baryonic exchanges. For

the single quark family exchange B = 1/3 there is the basic process

3>) (1,1) + (6,1) -» (1,1) + (6,1)

In this case we arrive at-

relating to ^6(^) (3.9)

-11-



On the other hand, for the more practical case of B = 1- exchanges we must

consider the basic process

5) (1,1)+ (56,1) (1,1)+ (56,1)

rr c'"
Suppressing the six obvious multispinor indices

(3.10)
. , r r r r*'f r r r r"f

N 10)
The d functions which may be deduced from this have been given
in detail elsewhere.

All these functions need to be multiplied by the threshold factor

( Is 1 ta1 t) which appears naturally in M-function calculations. This was

shown explicitly in I. The Regge formulae therefore appear in the form

(omitting signature factors) s: g (t) g (t)(|q||q'l) d fsinwa where the j3's

are reduced residues.

4. THE FEYNMAN TRAJECTORIES AND THEIR DECOMPOSITION

INTO REGGE TRAJECTORIES

The master N-trajectories (we shall sometimes refer to them as

leaning Feynman towers since the particles on them correspond to the most
31)degenerate tower studied by Feynman for the non-compact U(6, 6) for

mesons and baryons) contain all the relations between the J-Regge para-

meters. To see exactly what these relations turn out to be we have to

carry out the reduction chain SU(6) 8 SU(6) -*SU(6) ->SU(31 EJ SU(2)T of the

master trajectories into the SU(2) satellites for specific SU(3) represent-
J

ations. Mathematically this reduction corresponds to the decomposition

of particular SU(3) components of the SU(6) S SU(6) rotation functions C-,
into the SU(2) rotation functions P = C2 . The relevant formula is

J J J
obtained from

where the summation terminates at the background and CL is a

F function (a sum of V function ratios). For the simple case of the
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