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on page 43, line 1, after the full stop, please insert the following:

The distinction drawn here between the -3 configuration on the one hand
and the -0 and U-U configurations on the other needs sxamination. Although
the leading term in the t—channel amplitudes is given by s¥ in the B-T
case, i h!a.ppans that the g—channel amplitudes are dominated by

f;;“_i‘ﬁ)':)‘iE . This results from some cancellations dbrought about by the
crossing matrix which, in the E-x configuration at t = O, is given by a
produqt of rotation matrices d\i}{(ﬁ-”zj’. Since the residues are proporiional

to d::’-‘-{iﬂ'/l> at t = U one can use the property™)
Spd

for Ral - (k€ -inli < i< ka4l

to show that the s-channel amplitudes are dominated at t+ = o (BE-C ocase)
by the daughter I¢ :}Jo-[?\l! . Hence the leading term as S-oy for

a=channel amplitudes is given by
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*)} Dhis property is deduced by compéring the large C; behaviour of the

functions
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which are related by the formula
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Clearly the largest value taken by J in the summation must be
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ABSTRACT

The behaviour of partial wave amplitudes in the neighbourhood
of vanishing momentum is studied in the Born approximation. A set
of phenomenological fields is introduced to assist in the construction
of a kinematically correct Born term. It is found thai the Born
contribution to the partial wave amplitudes has a struciure which,
as a result of the kinematical propertiies of the phenomenological
propagator and vertex paris, yields considerable information about
the behaviour of Regge poles and residues at zero energy. Regge
poles ar‘rived at in this way gfoup themselves into Toller familics
whose zero energy intercepts, slopes, etec,, are severely con-
sirained., Asymptotic formulae for forward scatiering amplitudes

are obtained,




ON THE ZERO ENERGY BEHAVIOUR OF REGGE POLES
AND RESIDUES

1. INTRODUCTION

These notes are concerned with the structure of partial wave
amplitudes in the neighbourhood of vanishing momentum transfer. If
the process described involves particles with unequal masses then the
amplitudes have a kinematic singularity at this point. The source of
the singularity is not difficult to uncover. It arises because the cross-

X 1) . . .
channel scattering angle Bt(s) vanishes ) identically at t= 0 which
means that any functional relation of the type Af(s,t) = B{(t, Bt) must be
irregular there, In particular, the cross-channel partial wave expans~
ion

_ J
Als,t) = ) (23+1)f (1) d}, (8,) (1,1)
T J WL

must fail in the limit t>0 . It is clear that the coefficients fJ(t)
- must diverge in some way to compensate the vanishing of Bt at t=0 ,

However, the precise nature of the divergence is not at all clear,

Another way of describing this phenomenon is to remark that
the partial wave expansion (1.1) can be appropriate only in kinematical
circumstances which allow the classification of states into represent-
ations of O(3) - or its non-compact relative, O(2,1) - that is, into states
with well-defined angular momentum, It is a well-known fact that the
group O(3) is inappropriate for the classification of states with light-
like momentum. For such states it is impossible to define an intrinsic
angular momentum and, consequently, their transition amplitudes

cannot be labelled with J - hence the divergence of fJ(t) at t=0 .

It is also well known that the correct gréupz) for classifying
states with lightlike momentum is the Euclidean group in two dimens-
ions, E(2), The irreducible unitary representations of E(2) are
labelled by a continuows positive parameter p2 which must take the
place of J , It can be shown that the correct analogue of the partial

wave expansion (1,1) which must be used at t = 0 is given by
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( dp? glo?) & _ (nE) (1.2)
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where ‘Ik-u denotes a Bessel function of the first kind and & isa

Als,0) =

M

positive quantity defined by

llm ( i

t—>0 -
which limit is a linear function of & . 1If is therefore clear that the
expansion (1.1) must in some way go over into (1. 2) as the limit t—0

is approached,

It is possible to gain some insight into the connection between
the expansions (1.1) and (1. 2) by means of the following qualitative
argument In view of the approximate relation -:i?t JB \/] (j+1)9)
for 6 << 1, it appears that the combination j{j+1)t manlfests itself as

p2 in the limits t=0 and j—> o, that is,

di#(ét) N G+ (1. 4)

near t= 0 . By the sort of logic familiar from impact parameier
methods one can see that the sum in (1.1) approximates more and more

closely to the integral in (1,2) as t-»0 if g(pz)\ is defined by the limit,

~ 9
lim EICES VI o2\ i ¢(o%) (L. s)
J—=o0 ! p2 J (\J{J+1) i ) ’
This condition can be otherwise expressed by
fJ(t) ot g(J(T+ 1)) (1. 6)

for t—0 and J—-u.

Unfortunately, the condition (1, 5) is not sufficiently powerful to
provide information about the singularity at t= 0 with J finite.
Presumably this is because such behaviour is strongly dependent on
dynamical effects, A more sensitive tool is needed for distinguishing
these features. Such a tool can be found, we believe, by recourse to

field theoretic arguments,




It is well known that the contributions to the partial wave ampli-
tudes made by a field theoretic Born approximation must, by virtue of
their origin, satisfy all the kinematic requirements demanded of a
relativistic theory. In other words, field theory provides a useful
guide to kinematical correctitude, It would be too optimistic, of course, -
to expect anything very far-reaching in the way of dynamical results
to come out of field theoretic model calculations, However, a compromise
in the nature of a phenomenological field theory might be usefully. exploit-
ed in order to discover no more than a spectrum of kinematically allow=~

able parametrizations of, for example, Regge poles and residues,

For this reason we shall adopt an ansatz based on analogies

with field theory, We shall express the pole contributions to helicity

amplitudes in the form of a field theoretic Born approximation, employ-

ing for this purpose a set of phenomenological fields, d;A , and their
corresponding currents, fA . We shall assume, moreover, that these

fields transform ina well-defined way under the operations of the com-
plex Lorentz group as well as T,C,P and that they are local fields

complying with the usual spin-statistics assumption,

With these assumptions the Born contribution to the process

1+2-3+4 can be expressed in the explicitly covariant form

<P3)$3 ’?\f'\u f T P »Pz A2 >Bom

l

Z e T0 4,7 <ol DAL ALY 5 ()

where _ -
P 2p +py=pry+p, -

The current fA and its adjoint 'f_A belong to some representation of
the {complex) Lorentz group, that is,

S -1
fA——>U(A) fA UA ) = gDAB(A ) fB , (1.8)
I~ UM, A = 7 E, D_, (4 (1. 9)
A A & B BAYY - '
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Correspondingly, the propagator &, (P} must satisfy the covariance

AB
condition
A _(P) = 9 D, o) Ayt (AP) Doy (A) (1.10)
A B Z_ UAA A'B B'B '
A'B
for any complex A . The content of the representation D{A) need

not be specified in detail for the present, This content, a direct sum
of finite-dimensional representations, will be clarified when an explicit
labelling is introduced in Secs, 2 and 3 where it is needed in order to
remove from (1, 7) the many redundant components appearing in the

propagator,

The real aim of this work is to discover something of the
behaviour of Regge poles and their residues in the neighbourhood of
vanishing momentum transfer, We shall suppose that the poles of the
S-matrix - including Regge poles - are contained in the Born term.

The virtue of this ansatz lies in iis clear separation of the dynamical
singularities (poles), which are to occur in the propagator, from the
kinematical ones which are confined to the vertex paris, In particular,
the constraints which must be satisfied by AAB(P) at P2 =0 can be
formulated without reference to the external particles, Likewise, the
kinematical singularities and consiraints implicit in helicity amplitudes
are properties of the vertices which can be considered without reference
to the nature of the exchanged particles. The factorizabilily of residues
is of course presupposed in the form (1,7), It is a stronger factor-
izability than that assumed in mass-shell S-matrix calculations. The
S~-matrix pole approximations are usually given in terms of the Poincaré
invariants, mass and spin, and are not necessarily consistent except

in the neighbourhood of the pole., The field theoretic Born approximat-
ion has, in addition to its dependence on mass and spin, a deeper struct-
ure expressed through representations of the homogeneous group., It

is this structure which assures the consistency of the Born approximat-

ion even at zero momeniim where the Poincaré classification fails.

It must be emphasised that we have no intention of employing a

field theoretic model to calculate the functions appearing in (1, 7),




Field theory is being invoked only in its mosi phenomenological sense
in order to suggest the form (1, 7) for the Born contribution, By
exploiting the well-defined transformation properties of fields it is
possible to isolate the kinematically independent components of the
propagator and vertices and to separate the singularity at P2 =0 from
the latter. A knowledge of these singularities is sufficient to fix
uniquely the constraints which must be satisfied by the propagator at
P2 = 0 in order to make the over-all Born contribution (1, 7) regular
there, These constraints, it will be found, amount to nothing more,
than the classification of Regge trajectories into TOLLER families
'appropriate relations among their positions, slopes, etc., in the
neighbourhood of P2 =0 , Moreover, it is possible to do similar
things with the vertex functions - particularly in the equal mass case ~
achieving thereby the most general kinematically allowable parametriz-

ation of Regge poles and residues.

Implicit in this continuation of a field theoretical Born term to
complex values of J is the notion of an "analytic field", ¢(k gy
which interpolates an infinite set of the familiar finite-dimensional
fields with k-I = Jg 'JO

.. . Thatis, k+f is complexified along with J . Sucha 'field"

, a fixed integer or half-integer,and k+4 = jO +1,
belongs to an infinite-dimensional (usually) non-hermitian represent-
ation of the Lorentz algebra, One should expect one-particle singular-
ities of this field to comprise a Regge trajectory. Questions as to
which of those properties - locality, TCP, etc, - usually taken as
characteristic of fields can carry over to this object are not considered

here,

The arrangement of the paper is as follows, Sec.2 contains a
summary of well-known properties o the finite-dimensional represent-
ations of the Lorentz group and the fields belonging to them., Sec.3
considers the 2-point functions for these fields and defines the concept
of the reduced propagator, A(W,j,n)} , a matrix consisting of scalar
amplitudes (kinematically independent apart from constraints at W = 0)

which incorporates the dynamical content of the usual propagator, The

=-5=-
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components. of the reduced propagator are then expanded in a set of
unconsirained amplitudes. Sec. 4 is devoted to the decomposition of
the vertex parts into a set of scalar form factors from which the
Kinematical singularities at W = 0 and the consiraints at the pseudo-
threshold are then separated, In Sec.5 the results of the preceding
two sections are joined to give expressions for the partial wave
projections of the Born term. It is then shown that, provided certain
consiraints are satisfied, the Born term is regular at zero momentum
transfer in spite of the singularity of its partial wave projections.
These projections, which are bilinear forms, are diagonalized to
isolate particular pole contributions some properties of which are
examined in the neighbourhood of vanishing momentum

transfer, In Sec, §, the continuation to complex angular momentum is
made resulting in a number of properties of Regge poles and their
residues which are enumerated, Sec. 7 includes some asymptotic

formulae,

2, SOME PROPERTIES OF FIELDS"

In order to fix the notation it is necessary to discuss the trans-
formation properties of fields, that is,to make clear the meaning of
the subscript A which serves to distinguish the components dJA .
This material is well known (see for example STREATER and
WIGHTMAN %)

Firstly, the finite-dimensional matrices which represent the homo-

} but a restatement of it in concise form is in order here,

geneous Lorentz transformations including reflections are defined in
formulae (2, 2), {2.8), (2.9)and (2.10), The behaviour of {fields q.’:A

and their adjoints d’A (defined in (2.15)) are given by (2.13) and

(2.14). The antiparticle conjugation operator C is defined by (2.17)
and (2,18), Finally, some propertieé of the Clebsch-Gordan coefficients
appropriate to the finite~dimensional representations of the Lorentz
group are listed; (2, 21) and (2,22), A fuller discussion. of these co-

efficients is contained in Appendix I,

~h-




The finite-dimensional irreducible representations of the
homogeneous proper Lorentz group are characterized by an ordered
pair of integer ar half-integer parameters (k,f). The basis vectors
of the irreducible representation DkE can be labelled by a parameter,
j , taking the values | k-%] , {k-%/+1, .,., k+£ and by another
parameter, m , taking for each j the values -j, -j+1, ..., j.

This labelling is complete. It is possible in this basis to represent

any proper Loreniz transformation, A , by the matrixs)
kf _ j ki L
D o = % D! (R iy (@) DY (RY

(2.1)
where R and R' denote ordinary three-dimensional rotations re-
» I' °
presented in the usual way by matrices D)R) and D’ (R') of

dimensionality 2j+ 1 and 2j'+ 1 respectively. The matrix

d;ﬁﬁ‘(a) represents a pure Lorentz transformation in the 03-plane
through the hyperbolic angle a . It is defined by

(k=M e I > (2. 2)

ki

d_ . (a) = z<'M kk, Ix> e
JMJ'( KA M|

where <k:c,1>t] jM> denotes a Clebsch-Gordan coefficient of the three-

dimensional rotation group.

The improper transformations cannot be represented in the
form (2,1) except in the subclass of representations with k = { . In
general it is necessary to adjoin the representations D]‘da and DXk
~ in order to incorporate the space-reflections. In terms of a set of
basis vectors | kAjm> it is possible to represent the space-reflection

operator , P , by
Plkfjm> = |dkjm> '™ , k¢4 (2. 3)

or by -
P|ffjm> = £|ffjm>¢e™ , k=A=f . (2. 4)

The space-reflection operator can be diagonalized when k ¥ A by

defining the new set of basis vectors

-7-




|1 . :
. '?—ﬁ]kﬁ_]m> +~J~%,ﬂk3m> . k)f
|nim> = 7} L J (2. 5)
\7? |kfjm> +—J-§!Xk3m> , k<
where n=x1, On the states (2.5) we have
Plk{) njm> = [&l) nim> ne'™ (2. 6)
The formula (2. 4) can be expressed similarly,
PlEtn) jm> = [ffmim> ne > (2. 7)

with the distinction that the parity type n needtake only one value,

+1 or -1,

The proper transformations can be representied in the basis

(2. 5) by a generalization of (2.1),

(k£) - i (k4) i '
DU @ = L DL A 00 DL R (2.8)
where
(k) =1[kﬂ . Ak ] |
Qi@ = 5[ iy @)+ @) |, k>4
(2. 9)
(£1) _ if A -
danj'q'(“) - ann| dej'(a) » k X f .

The improper transformations can be represented by the product of

(2, 8) with the matrix representing space-reflection,

inwj

plki) (P) =6 5. 6 ne (2. 10)

njm' nlj'lml nnl JJ? mml

The formulae (2,.8) and (2, 10) together with (2. 2) and (2, 9) complete
the specification of the irreducible representations D(k‘P) and D(ffn)_
It may be mentioned that the matrices so defined can serve also to
represent the complex Lorentz transformations.

(kD)

Two properties of the matrices D which are important in

the following are




a) reality:

k%) (W = n(oytirm D) ) (_)k+f+m' n

njm' nij!mf nj_m, n'jl_m'

(2.11)

b) pseudo-orthogonality:

(k) -1, g-m (kl) _\jt-m!
Dnjm,n.j,m.(A ) = (~) Dn,j,_m,,nj_m(/\)( ) . (2.12)

They can be deduced from the definitions (2. 2), (2,8), (2.9) and (2,10).

It will prove useful to employ two alternative notations to dis-
tinguish the representations D(k“
oo _

shall use D 0 where jo = k-4 , o= k+£ +1 and, more simply,

DY .

in the following discussion, We

The summary of properties of the finite-dimensional irreducible
representations of the Lorentz group given above is sufficient for the
purposes of this note, Henceforth the field qSA is to be written

¢ranjm .
ation properties and r denotes any additional (Lorentz invariant)

where the indices a,n, j,m specify the spacetime transform-

labels which may be necessary, Thus, under a homogeneous Lorentz

transformation A ,

Vragjon () = VA Gy 0) VIAT) =

o -3
o Dajm, g (A7) ey rgnr (Ax) - (2.13)

Similarly, the adjoint field aranjm transforms according to

Frargim 007 VI $eys G0 VXY

< Lo
= by ] /\ X D [N [ . A
2o, Brapione (00 D i (1) (2,14
In view of the properties (2,11) and (2,12) of the transformation

matrices DQ(A) it is possible to make an association between ¢ and

¢ , namely

- —
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