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ABSTRACT

We review work done on realization of broken symmetry under
the conformal group of space-time in the framework of finite-component
field theory. Topics discussed include: Most general transformation
law of fields over Minkowski space, Consistent formulation of an
orderly broken conformal symmetry in the framework of Lagrangian
field theory; algebra of currents and their divergences. Manifestly

conformally covariant fields and their couplings.
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FINITE~-CCMPONENT FIELD-REPRESENTATIONS OF THE CONFORMAL GROUP

I, TINTRODUCTION

The conformal symmetry of space~time as & possible generalization
of Poincardé symmetry has provided a recurrent theme in particle physicef)
The problems associated with conformal symmetry are i) its physical
inferpratation”and ii} the problems arising from its broken character

and the precise manner of descent to Poincaré invariance.

In ths paper we wish to concentrate on ii) and review work
done on realization of conformal symmeiry - and particularly of the
algebra assocists’ with the group — using field operators which satisfy
Lagrangian esquationg of motion, The fields muay be defined over the
Minkowski space~time manifold X, or over a projeciive glx=dimensional
manifold qA ralated to Xy o We telieve this approach to conformal
symmetry offers the best hope of expleiting the symmetry physically in
contrast to approaches based on a group theoretic treatment of state-
vector spaces associated with the group.S) This is essentially because
in such an approach it is extremely difficult to ses how to break the

symnetry down to Peincaré invariance,

The plan of the paper is as follows: In Sec.II we give the most
general transformation law of fields (defined over Minkowski space x}L)
for confermal symmetry, using the theory of induced representations,
and also exhibit the field realizations of the generators of conformal
slgebra, In Sec.III we enumerate the Lagrangians (for particles of
spin L 1) which are conformally invariant and desoribe some modes of
symmetry breaking = in particular the physically interesting case of
conformal symmetry breaking to the extent of bresking dilatation
invariance only. (An explicit modei is discussed in the Appendix. )
Bven where the formalism of Secs. II and III is conformally covariant
it is not manifestly so. In Sec.IV we treat the menifestly covariant
formulation of wave equations for guantized fields defined over a six-
dimensional projective space. Sping higher than one can be mors
easily treated using thie formalism. In Sec,V we review an atitempt to
understand V=-A or V+A wesak interaction theory as a conformslly invariant
theory of fundamental interactions, Not considered in this paper are

representations of the conformal group which give rise to infinite

component fields. They will be dealt with elsewhere.
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II, TRANSFORMATION LaW OPF FIELDS

The conformol group of space time consists of coordinate transforma-

tions as follows:

l.Dilatations x& = pxu , P20

2.5pecizl conformal transformations
-] 2
o (x)x ~c x7)
TR Sy
2.2
x

(1T.1)
*u

where o(x) = 1=2¢x+ ¢

3. Inhomogeneocus Lorentz transformations

Its generators D of dilatations, Ku of special conformal transfor-

mations, and P Muv of the Poincaré group admit of the following

w?
commutation relations (C,R,):

[D,Pu] = iP [D,Muv = 0
[D,Ku] = -iK [Ku,KU] =0 (11.2)
[Ku,PU]= 21(guvD-Mﬁv) KoM = 1(gpqu- gouK,)

plus 'hose of Lhe Peoincaré algebra., PFarity mus! satisf:

-4 - -
i = " =t ™ 1 = *
Trl)TT D Y nKu K}L ' i]_l, J.u (II.3)

vhere the + sign stands for wu=0, »nd Lhe - sign for p=l,”,5.

The C,il, (l1.2) can be brought into » form which exhibits !he
a
0(2,4) structure of the conformsl group explicitly by defining? for

u’\-’=00903 3

J = M = D = 1 P — = 1 {
T TS v s =3 (=K e = 3 (BU+ )
Then .

[Fkn I = 10Ty * 8 kn ~ Sxd 1w = Bl (11.4)
where gAAZ (+---,-+) ' A=O;1v2!315v6

Note that the special conformal transformations do not take mo-
mentum eigenstates into momentum eigenstates, as [Ku‘Pv] does not

commute wi*h the momenta Pp . We also notice the relation

eiaD P2 e-iaD = e—(I P2

Becnuse of this relation, exact dilatation symuetry (+ith an inte-

grable generator D that takes one-particle states into one-particle

states) implies that the mass spectrum is either continuous or a1l

masses are zero, 5 This clearly implies that exact

dilatation symmeiry ie physically unacceptable and one will
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therefors have te make azsumptions on the dynamios whioh
specify how the conformal symmetry is broken, A theory of this type,

which is in a sense snalogous to the SU{3)xSU(3) current algebra

with PCAC will be presented in tine next section.

First we have to define , however, what we mean by an(infinitesi~
mal) dilatation or special conformal trznsformation, &8 we want it
to transform a physical system into another one that is realizahble
ir nature (and not,e.g.,a proton with mass m into some nonexistent

particle with mass p-lm, for arbitrary p > 0),

7,8}
To do this we postulate that there exist interpolating fields to

every particle which transform according to a representation of the

conformal algebra, i.e.

. ) -1
(j(g) m)a(x) = Saﬁ(g,x) wB(g x) (I1.5)
for infinitesimal g € 0(2,4)
where g acts on the coordinates x as indicated in eq. (JJ.1)

It follows from eq.{l.5) and the multiplication law for the re-

Presentation matrices T(g) that

S(g,0) must be a rcpresentation of the stability subgroup of

x=0.

It is seen from eq{Il.1) that this subgroup (the little group in
physicnal usage) - hich leaves x= 0 invarisant is given by specinl
conform 1l transformations, dilatations and homogeneous Lorents
transformations. From the C.F. eq,(II.2)one finds that the Lie «1-
gebra of this subgroup s isomorphic to a Poincaré algebra + dil-ta-~

tions, i.e. we have

(80(3,1) ®{p}) d T, - (11.6)

The L-dimension:1 translation subgroup Tq corresponds to the spe-
cisl contormal transformations, and S0(3,1} is the spin part of the

Lorentz group.

Given any representation S(g,0) of the little group(II.s) we
can now determine,in accordance with Lhe standard theory of indu~
. 9% . .
ced representatlonsitne complete action of the generators of the

conformal group on the field 9(x) as follows:

Let Euv, S,kr be the infinitesimal generators of the little

group ([[.6)} corresponding to Lorentz transformations, dilatations,

o




and special conformal transformations, respectively. They satisfy

P“’Kd o, [E,ﬁJ = -ik

[*plzpv] = i(gpuk\, = gpvw-p_) ¥ (II.?)

[zpc,zw] = il Loy = Bou Eqy = Boy Ly * 8oy Ey)

thoose the basis in index space in such a way that

space time translations do not act on the indices, i.e.

P g (x) = -i ;ﬁ; 0, (x) (1I.8)

1t follows that for every element X of the conformal algebrn

. v
X o(x) = exp(+iPuxu) X »(0) where
'’ Lo LM o LM

X = exp(—anx )X exp(+1Pux ) (11.9)

b . \I v v
=Z(-nll) xlooo xn [PV ’['.‘[PV ,X]ooc]] .
n:o 1 n
The important point is that the sum on the RHS, of eq.(I.9) is

actually finite. From the C.R. eq.(II.2) it is found by inspection
30)

that there are at most threenon=vanishing terms in this sum.

Evaluating the finite multiple commutators,e.g.,for X = KP-’ we get

_iP ¥Y) K ip xV) = - v _ Vo 2.
exp(-1i o ) " exp(+i JX ) Ku 2x (guvD Muv) + exux P -x Pu‘
From this we now deduce the action of X , D, Muv on ¢(x), since the
action on ©(0) is known by hypothesis; e.g. %»m(o) = Ruw(O). The

final results are

P (p(x) = =id W(X)
n i
M oox) ={itx o -x o)+ I Job) (11.10)
nv VAR v o nv
D o(x) ={-ix 3 +8}olx)
v
Ku plx) = {-i(axuxua” ~ anu + 2ix“[guvs - Epv])-rﬁh}w(x)
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where the matrices ;FV’ 5,"@“satisfy the C.R, (2.7).

We have thus shown that all field theoretically admissible represent-

ations of the conformal algebre are induced by & representation of the

algebra of the little group (I,6). Since this algebra has two non=-
trivial ideals (= invariant subalgebra) {D} ®T4DT
following types of representations:

there arise the

4

I, finite-dimensional representations of the little group
3) RM’ 0
b) w}h,é O ‘but nilpotent

II. infinite-dimensional representations of the little group.

Regarding these representations and their physical uses, the following

£

remarks are in order:

1) For case Ia) 0 = i1 by Schurs lemma if the Z;N form an irreduc—

ible representation of the homogeneous Lerentz algebra.

2} In Sec.III it will be shown that the notion of a (broken) con=-
formal symmetry admits of a perfectly consistent formulation in the
framework of ordinary Lagrangian field theory. This theory malkes use
of finite-dimensional representations of the little group (IL6), with

.= O (type Ia). All generators will be hermitian,

3} For case Ib) the conclusion that all the ¥, must be nilpotent
follows from the well=kmnown fact that in any finite-dimensional re-
»regsentation of the Poincar®d algebra the generators of translations

41)

are nilpotent.

4) The possibility of using representations of type Ib) for physical
purposes ie interesting hecause it can give rise to spin multiplets.
The representations induced in this way are not fully reducible
however (and therefore not unitary representations; ¢f., theorem 1 of
Sec.IV.2), Further discussion on this possibility will be given in
section V, yhere Hepner's wnrﬁzgn the use of these representationa

will be reviewed.

5) The posaible use of infinite-dimensional representations of the
little &roupr will not be discussed in this paper. This would lead
to the consideration of infinite-component field theories which will

be discussed elaewhere,




III, LAGRANGIAN ¥LELD THEORY; APPLICATION TC BTRONG AND
ELECTROMAGNETIC INTERACTION

In the present section we shall show that the idea of an
orderly broken symmeiry under the conformal group of space time
admits of a perfectly consistent formulation in the framework of
ordinary Lagrangian field theory. The considerations presented
here are an extension of an unpublished notewby one of the present authors.
For simplicity we assume fields with spin . €1 and minimal couplingsj3)
We shall gshow that:

i) There exist local conformal currents k‘yi and a
dilatation current jbﬂ guch that the corresponding
generators K,UL and D are hermitian and hawve C.R,

with the particle fields as given in eq.([[.10) with
§= 201, x =0 (type Ia), This is true
irdopendently of whether the action &Id'*x is

. . )
invariant or not.

2) The kinetic energy term without mass is conformal
invariant:” The mame is true of all non—derivative
couplings with dimensionless coupling cagstants and all
couplings arising from (Yang-Mills type) gauge field
theories, This includes electromagnetism. Tt also
ingludes weak interactions mediated by an intermediate boson,
if this boson is associated with a gauge field associated
with some internal group (e.g., for hadrons, the
Cabbibo SU(2) subgroupns%f one of the SU(3) ideals of

chiral SU(3) @ SU(3),or for the U(2) @ U(2) group
17)

considered for leptons by Ward and Salam ,

whiech includes both EM and weak interactions.)

3) Besides the exact symmetry limit corresponding to mass-
less pariticles only, the possibility also exists
of a spontaneous breakdown of conformal symmetry. There,
all particles can be massive except for I = 0, I?=0+
massless Goldstone boson. An example of a corresponding
Lagrangien (the ¢ model of Gell=Mann and Lévy18)) is

discussed in the Appendix,



Abstreacting from lLsgrangian field theory, & current algebra type
scheme may be set up. It is composed of the C.R., of the currents with
the particle fields, eqs&.(III,1) and (III.G), and the relation(III.17)
between the divergences of the currents. In addition, an algebraic re-
lation between the divergence of the dilatation current and the axinsl
vector currents of chiral SU(3)xSU(3) has been proposed elsewhvrgvand
is given in egs.(A.4) and (4,5) of the Appendix. Bq.(I1I.17) expresses
the idea that the breaking of conformal symmetry is minims1l in the sense
that there is only as much breaking of the conformal symmetry as is in-

duced by the breaking of dilatation symmetry alone.

Le The conformal currents

According to eq.(I1.10) we want to transform the interpolating

fields as follows

Dei{x) = 4 (4 -xvav)@(x? (a)
K pl0) = -a (-2t Ko 1,/,,,3‘ - x* LR E/Mv)(P(x) (b)
Mo g0 = & (%2 - x, 2 = w2 )¢ 00 (¢) (IIL.1;

If ¢ is the electromagnetic vector potentizl, we may postulate this
transformation law only up to a gauge transformation., lig.(III.1) is
to be understood in this sense in the following. The well knownﬂg)
reason Jor this is that, for a massless particle, the vector potential

is not a manifestly Lorentz covarinnt field in the ordinary sense.




Through the last egquation, 7

v is defined in terms of the spin
X

of the particles

when acting on a spin O field 2;" =0
when scting on a spin 4 field Siuv = % [5*,Y;]
when acting on a spin 1 field (Z;w A)e== 4($P? A, - %veﬁﬁ)

The present theory does not lead to multiplets of particles with
different spin., We fix the values of [ 1o be

o j - L4 .
f = -1 for scalar and LE T for spin 3 fields

vector fields
(IT1.2)

This choice %g necessary in order to obtain acceptable currents
en
because only the canonical equal time commutation relations of the

20)
fields are invariant under dilatations. The values of { in (ITI,2) agree
withﬁrﬁaigg%sion of length of the fields in question. Note that
(III.lc) is of the form  ¢'(x) = ?ec;(€4*) under X, > ¢ X, ;
so that the fields transform under dilatations according to their actual

P-4+ e

dimension of length.

21)
We can now write down the following local currenta:

- 2x® T - Xt T - (__?f + ;x? -
Ry, (0w 2xPx To -t T, 5. ¢ (22, %, +2 ::Mw*)
+
;r-{—?o ty 4 ¢ (111.3)
Fields
G
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The angular momentum current has the usual form, The energy

momentum tensor is defined by

, K
T () = - av? £ #“Z —m: %? t.p*

M1 -

It is convenient to choose the kinetic energy term in the Lagrangian

ags

a (111,4)

and moua

Sincethe zeroth components of the currents, 0}‘, :ﬁ
are all hermitian, the corresponding generators, formally

defined as the space integrals of the zeroth component of these

currents,are also hermitian.

One checks by using the canonical equal time

C.R, of the fields

1 ] .
[+(K)) W(x')]t - 4.33 (5-5) FM ,(ﬂ=-,<° (III 5)
that
Dex) = ‘[ d’ [%o(xw, @(x)]%"
vy R
K ¢ (1) = J ol:-t O x')' ‘?H)]x,'*a
(111.6)

satisfy eqs.(III.1). This is independent of whether the Lagrangianis

conformal invariant or not, (The integration in (III.4) goes over

some volume v including x = x'.)




2e Divergence of the currents

We now turn to the discussion of the properties of the
divergence of the dilaztation current Sbv and special conformal
currents qul « The dynamical information of a symmetry (exact
or broken) defined by the transformation law of the fields, lies

in tbe properties of the divergence of the corresponding currents,

From eq, (III.3) it is seen that the dilatation current
ﬂbv(x) depends on x explicitly and can therefore not be coupled to

the field ofzﬁector particle. However, using energy momentum

conservation avT}”3 = 0, we find for its divergence
3
v L =L
%vﬁv(x} « T %v{ § - 3%, . v } (111.7)

From this we see that:

The_divergence of the dilatation current i a local
I -0 ,7T" = 0" field.

Uging the Buler Lagranpge equation of motion, (ITI,7)

¢an be rewritten in the formzz)

R4 Pk 4 2
v . = - ,e* m—
22, 0« -ux - L o

-
-+

o, + L -1)

r\
?,
xR ) (T11.8)

From eq.(II1.8) it is seen that all pieces of the Lagrangizn that

nonzero
do not involve constants with Lk dimension of length give zero

contribution, To see this, notice that the RHS of eq.(III.8)

vanishes since it is simply the Euler equation for a homogenous

)
function (all terms having the same dimensionality). Tris establishes

that the kinetic energy term without mass is dilatation invariant |

and so are all couplings with a dimensionless coupling constent,

Next we turn to the divergence of the conformal currenis.

Using energy momentum conservation we find from eq.(II1.3)



v y 0
3. E (K) = 2x)n (T v - .Bv { Z 1"' (Pv ]) B (III.9)

¥ ,
_Z{u.,mq«*+zt§£?’ .6, } Z'a(qu’)+

.lfnn o

. -2
+ le{ T/"‘P - T"A + 2 ?v (2;, X 2:,,, ‘P,) }

The last line is equal to 2xp6v?nvup and vanishes by angular momentum
conservation, Hence

TR, = 2 V2, + V. (111.10)

where V. is a local vector field defined by the second line on the RHS
of eq.(I11,9), From eq.{III.4) one checks by explicit calculation that
the kinetic energy term without mass gives zero contribution to Vu._
Since it gives no contribution to a“%‘, either, we see that the kinetic
energy term without mass is fully conformal invariant. Furthermore, from
(II1,10) the condition that an interaction Lagrangean £, be fully con-
formal invariant is found to be the following

1) It is dilatation invariant, i.e., has a dimensionless

coupling constant

YL N EL _
d! = + A X T . < . .
)L (2 e, T 30,0 @, )= 03 prons (ITL11)

Condition 2) is independent from condition 1) as is seen from the ex-
ample ¥z = gA" n(d o) which satisfies 1) but not 2). An example vhich
satisfies neither 1) nor 2) is the derivative pion nucleon coupling
N¥_y No"n , For nonderivative couplings, condition 2) is trivially

Su
satisfied.

3, Yang-Mills theory

Let us now turn to the question of the conformal invariance
of the coupling of vector gauge fields in a Yang-Mills type gauge field:
theory?)Let A be the internal n- parameter symite try nlgebra, and Bu
a=1l...n , the corresponding gauge vector fields, Under an infini-
tesimal transformation with constant infinitesimal parameter ™, all

fields transform according io
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