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REGGEIZATION IN SUPERMULTIPLET THEORIES

I. INTRODUCTION

One of the rather suprising features of the present scene in
particle physics is the increasing evidence of the relevance of SU(6)-
like symmetry ideasl) in describing hadron spectra on the one hand
and the comparative disregard of such symmetries and the strong
correlations they may he expected to provide among residue functions
- even as a crude guiding principle - by those working in Regge

2)

phenomenoclogy ~'.

One possible reason for this disregard could be that detailed
experimental confirmation (from decay data) of the validity of higher
symmetries for coupling parameters and residues exists for the low-
lying SU(6) states only. A second and more practical reason is .
perhaps the non-availability of a simple, consistent and detailed
formalism embodying the marriage of Regge ideas to higher
symmetries 2). A beginning was made in a series of recent papers
in this direction. Unfortunately, although the discussion was general,
the details of the formalism were given for one specific model of
reggeized higher symmetries, specifically, the model based on a quark
excitation picture for higher resonances, where along a trajectory the
total quark content for physical states increases by integer steps in
the form N, N+ 2, N+ 4, ., ., and it is the quark number N which is
reggeized, It is our purpose in this paper to consider in detail the
rival models based on an orbital excitation picture of two- and three-
quark composites (group-theoretically, models of the type SU{6) ®OL(3),

with a reggeization of the orbital quantum number L),

As is well known, the quark excitation models predict "exotic'
resonances with high  values of strangeness and isotopic charges,

while in the orbital models only the '_ys, 8's and 10's of SU(3) make



their appearance. The physical hadron spectrum may in the end
prove to possess features of both models; the present evidence,
however, seems to favour orbital models of lesser or greater

complexity with the known baryon resonances apparently grouping

. . + + -
themselves in multiplets of (56,0, ), (56,2 ), (70,1 ), ... and meson
resonances in (?\?,QT), (:}\15,,1:), ... of SU(B)@OL(S). We wish to

stress that the great virtue of using symmetry ideas is that we do not
require the physical existence of quarks, we obtain gquark model
results, with their correct relativistic kinematics, without actually

believing that such objects exist,

The plan of the paper is as follows. In Sec, Il we review the
basis of the reggeization procedures, given any rest symmetry
group for particle multiplets, The most important concept here is

the notion of generalized helicity. This is introduced and we then

define the appropriate rotation functions needed for reggeization,
These functions are a generalization of the familiar dil' (0) rotation
tunctions of the group OJ(S). In Sec.III the equivalent M-function
formalism for writing amplitudes using multispinors is introduced

in terms of which actual calculations are made. We wish to stress
with the greatest possible emphasis that this multispinor formalism,
using Bargmann-Wigner equations to describe supermultiplets, is not

3)

just a luxury. Insofar as it embodies the correct kinematics ~°, and
(most important) provides a natural formalism into which symmetry
breaking effects (due to mass splittings within a supermultiplet) can
Be incorporated, the multispinor N-function formalism for scattering

amplitudes is an important ingredient of the reggeization scheme, One

wishes one could stress this enough so that the unfortunate prejudice
againgt learning what is basically a very simple and yet extraordinardy
powerful technique could be overcome. Sec.IV deals with the detailed
description of the oscillator excitation model and its application to
reggeized meson-baryon (MB) and baryon-baryon (BB) scattering, In
Sec.V we discuss briefly the kinematic singularity problem and the

Collerization versus reggeization of physical amplitudes to cope with




such singularities. Sec. V] discusses the situation where the
singularities are moved by Gribov doubling of the meson multiplets,

In a separate note the formalism of this paper is applied to the

problem of charge exchange meson-baryon scattering to see if the
reggeization of SU(6) () O(3)like theories with the drastic decrease
in the4)nurnber' of residues they provide gives a reasonable fit to the

data "', There we show that in fact one can correlate all known

processes with a one-parameter formula,

I, THE REGGEIZATION SCHEME FOR HIGHER SYMMETRIES:
GENERAL CONSIDERATIONS

As stated in the Introduction, there are two distinct types of

models of reggeized higher symmetries:

A, Orbital excitation models

Here higher symmetries combine intrinsic spin and unitary

spin as in the original SU {6) proposals emanating from Wigner's

F,S
SU(4) (F is the unitary spin index and S is intrinsic spin), while

reggeization proceeds for orbital momentum L., (J = LL + S5), The

models we shall consider correspond to the following symmetry groups:
A, SUB)®O,(3)
A UB)@UIB)|, ¢@O(4)

Al U6 QUO) |, (@SUL(3)

i} The O{4) orbital models

The U(6) x U(6) intrinsic-spin-unitary-~spin symmetry treats
quark and antiquark spins as distinct and independent so that the
) \
intrinsic spin-group contained ) in U(6) € U{6) is the subgroup

SUSq(Z} ®SUS§(2)' As is well known, this group has the same
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structure as 05(4). From this point of view a natural, though by no
means essential, generalization of orbital angular momentum also is
to consider four-dimensional orbital momenta, thereby enlarging

OL(3) to ON(4) where N stands for the O(4) Casimir 6).

ii) The U(3) orbital model

A remarkable feature of the baryon spectrum known at
present appears to be that all known particles seem to belong to
d

(56, Leven) od ),

and (Zg, L The fact that there appear to be two
(§§, 0+) multiplets and no (§§, 1+) seems 1o bear out the need for a
radial quantum number N for classification purposes, A sﬁggeétion
has been made that possibly the extra orbital degrees of freedom are
associated with a harmonic-oscillator-like potential and the reggeized
quantum number is one of the Casimir operators of the three-dimensional
harmonic oscillator group SU(3) rather than O(4), This oscillator
group SU(3) is the same group familiar from nuclear phys'ics shell-

model spectroscopy. It is discussed in detail further on.

B. Quark-excitation model

In a different category and contrasting with the spin-orbit
coupling models considered above is the quark-excitation model which
was treated in detail in the earlier papersg). Here one starts the rest
symmetry U(6) € U(6) and reggeizes one or more of the Casimir
operators of this group. One of the simplest cases was the reggeization

of total guark number N, the physical particles lying aleng two master

trajectories in N vs, (rnass)2 plot and 2N taking the values 3,5, 7, ...

for baryons and 2,4,6, ... for mesons,

Reggeization procedure

Now even though the physical ideas behind the two types of models
A and B are different, the techniques for applying Regge ideas
to the high-energy behaviour of scattering amplitudes are very
similar, So we state these in generality for any particle classification

group G.

TR T SR v SIS I AT I VR R T O IR i & i 1
L= e} i A o sl b ks o M mo & P ety v e O




Iy Neglecting small deviations from a mean mass, assume that all

‘hadron states (at rest) can be classified as representations of a (rest)

symmetry group G

G = SU(6) ® O(3) for orbital models of type A
=[U(6) @ U(E)®O4)  for orbital models of type A (i)
=[U(6) ) U(Gﬂ@ U(3) for orbital models of type A(ii)

= U(6) @ U(6) for quark excitation models of type B,

2) A significant empirical feature of the spectroscopy is that only
some rather simple representations of these groups appear to be
realized in nature - in general these are representations characterized

by just one quantum number N (Casimir invariant of G} besides

baryon number.

3) For every rest symmetry group G there exisis a generalized

helicity subgroup which we shall denote as G__ - the generalized

helicity ?) being denoted by W,

W

4) The importance of the generalized helicity subgroup lies in that,
if the symmetry were exact for three-point vertices, W-spin must be
conserved. Labelling physical states with N and W (in analogy with J
and A for G = SUJ(2)), we thus have, for the three-point function:

WITE) W, W, > = 2 EWIW W, 5 TW1W2(E) . ey
9

Here < §W]W1W2> denotes the Glebsch-Gordan coefficient which in G[,‘, couples

W
P % Dw?- to D . {(In general there may be more than one independent
coupling so that we have included a parameter §{ to distinguish among

them. )



5) W-spin is also conserved for collinear scattering processes

(forward scattering), Thus

(W WITEIW W, 5= ) (W W, [0WD T, (B) Cowlw W,

Joew (2)

6) The non-collinear four-point functions exhibit conservation of
coplanar symmetry which for models A, A(i}, A{ii} is SU(3),

[UE)® U3N®0o(2), (UB)® U3)]® U) and for model B is U(3)@ U(3).

7) If we assume only that the subgroup symmetries 1) ~ 6) hold as

. empirical facts {at least to a fair approximation) there is the mathematical

10)

theorem that we may express a non-forward scattering amplitude
. . , . N
in terms of a complete set of suitably defined functions dWW,(B) as

follows:

= \’ | ! N -
(W, W, T(E, 8)|W W, > = L (W W, EW D d o (-6)

NEWE'W!
™ (EB){eW|W, W > (3)
eW, EW 172 .
Here -igJ
ay o 9) = (NWile ZINWS (4)
W'W

are the generalized rotationfunctions - the matrix elements of the space
. 16J .

rotation operator e 2 - for the group G, The expansion theorem used

above relies on the completeness notion which requires that we sum over

. N . .
a one-parameter family D of representations of G, $ince we are

dealing with a function T(9) of just one variable 6,
. . \ N -
8) We tie back to assumption 1) if we now assume that T" (E) exhibits

poles in the complex N Casimir plane, corresponding to supermultiplets

of group G; this reduces eq. (3) to the form

g outer- wpr T T T e DL T




<w3W4JT(E,e)]W1WZ>= z (W W lewes -

NEW g1
N
d (-8)°
N WW N

. EW W e'w 3 3 Eeww w Cew|w w, > ()

3 4 E -m 1 2

N

9) We can now pass to a Regge amplitude by making a Sommerfeld-

Watson transformation:

lim <W3W4]T(E,8)]W1W2> ~ z

W—)w rwtrWr
a
o dW'W(e) o (6)
Beww, W, sinra(E) Egwwow {EWwow,>
2, _ . . . .
where a(mN) = N is the supermultiplet trajectory function,
10) The points on a "'master' trajectory a(mlz\T) represent particles of

differing spin values which the supermultiplet groups together, In
Refs, 8 and 11 the mathematical reduction problem of expressing the
general rotation functions dN(G) in terms of the Legendre polynomials
PL(G) or PJ(B) and their derivatives (dN(B) = EaJ‘ K PJ(B)) was

discussed in detail. Physically this means I, K that one master

trajectory gives rise to a number of equally spaced satellite trajectories
labelled with the parameter X (in the conventional Regge ReJ vs, m2
plane) all parallel to the master trajectory in the exact symmetry limit,
(These satellites are not to be confused with the daughter trajectories

of Freedman and Wang and Toller.} In the O(4) orbital scheme for

mesons, for example, the following schematic picture may hold:

- - 4 - -
N=o0lst =10, =0 L S
P - - -+ - -
N=1]sF =10, =10, sF=2"1" 0" it 1o
1 1
P - - -+ - -
N=2[s =1,0;.L =210 ;10 =3,27,1,0 ;2 1 0",
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1 (1=1)

2 - - - -
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e : 2
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Fig, 1. Trajectories from O(4)N excitations.

x = unnatural parity, 0 = natural parity.

Note the rather obvious but extremely important circumstance that

the leading satellite trajectory with the 0 particles on it is aufomatically
shifted downwards by one unit of J from the leading vector-tensor
trajectory. The very high-energy behaviour, naturally, is always
dominated by the leading trajectory if the selection rules allow ii to

be exchanged.

11) To take account of trajectory shifts due to symmetry breaking we
need mass formulae which, in general, may have the form (with L in

place of J for the orbital models)

2 IVI2 (N, J,F)

M

2 2 2
M, (N) + M, (F) + JM,, (F) {7)

where N = J + K and F denotes SU(3) labels {including I and Y). To
incorporate trajectory shifts due to symmetry breaking in the formalism

one may go back to the formula

N b g (-9) 5
T » f sinrN 2 ! (8)
t=-M"(N)

2
write dN(—B) = z ay PJ(-G) and, as an ansatz, replace M (N) by
MB(N, J, F), obtaining




+
I

o dJ 2IK
sinxJ 2 : (9)
* t-M™ (K, J, F)

K

The satellite trajectory functions «{K,J,F) are given as solutions of

t = M2(K,J, F),

Unfortunately, no completely reliable theoretical method exists
for computing these trajectory shifts, We must therefore at present
introduce the precise trajectory functions as part of empirical input,
The utility of the supermultiplet reggeization schemes is thus inpaired,
except for the hope that the residues are not so strongly affected by
symmetry breaking as the trajectories, This appears to be the case for

meson-baryon scattering (see Ref, 4).

12) The rotation functions were computed in a previous publication
for a number of groups for simple classes of representations, As a
general rule a rotation function d\I:rW,(B) is a sum of derivatives of the
basic function d[Nl] [1] {the function which appears in superscalar
scattering with the exchange of a multiplet labelled with the quantum
number ‘N). This is analogous to the statement that the d'i]l'(e) in
three dimensions can be expressed as sums of derivatives of PJ(B).
We list in the adjoining table these basic rotation functions for
symmetry groups and representations of interest. G 1is the multiplet
symmetry at rest, GW the generalized helicity subgroup, Jg the
embedding covariant group and N labels the (one-parameter) class of
representations(more precisely, we indicate the Young tableaux

to which N refers).

a) G =UW ® UK , Gy = U , {} = Uy, v)
For representations (WN, WN) corresponding to Young tableaux
(N,0,0, ... ,0; N,N,N, ... ,N)

N v

d (8) oC CN {cosB) {10a}




B G = U@ , Gy = UW) © UW) , f} = SL(zv, c) .

For representations (W_ ) described by tableaux (N + I,N, ... , N)

N
N v-%
d (9) oC CN (cos8) (10b)
¢) G =U() , Gy = U , ﬁ = U, 1)
For representations (N) described by tableaux (. N,0,0, ,,.,0)
N N
d (8) = (cos8) (10¢)
d)  G=0W) , Gy =owl) , f} = 0(y, 1)
For representations {N} described by (N, 0,0, ... , 0)
1.,
aNe) oc C;I” ! (cos6) , (10d)

Proofs of statements{a), (b) and {d) are already in print; a proof of
(c) is given further on, The reggeized components of models
A, A(i), A(ii) and B are the cases (d) above with v = 3, (d) above

with v = 4, (c) above with v = 3 and {a) above with v = 6, respectively.

III, COVARIANT FORMALISM FOR SCATTERING AMPLITUDES AND
THE M-FUNCTIONS

So far we have worked with the helicity formalism. In principle
all we need now are general expressions for rotation function dgw,(e)
in terms of derlvatmns of d[N” [1] of the last section and formulae for
the general Clebsch Gordan coefficients ¢ W]W >,etc. One can
perfectly well proceed by tabulating these things using sophisticated
group theory methods includiqg the spin-orbit coupling coeificients
needed in models A, A(i) and A(ii), It so happens that one of the

simplest ways of making these computations is to work ab initio in

-10-




terms of an M-function approach using a multispinor formalism,

Since this has the additional merit of exhibiting manifest covariance, of
ease when dealing with crossing, of automatically incorporating the
threshold and other mass-dependent kinernatic factors 12) from now

’

on we shall abandon the helicity framework and work cons istently

with the M-functions,

Wave functions of particle multiplets

Consider first the wave functions of the particle multiplets for

the various models:

Model A). Orbital excitations

‘Represent O(3) multiplets of L. = 0,1,2, ... by symmelric

traceless tensors

é(p) . tbu(p) . zb (p) .

with the restrictions

= 0
p!J d,ﬂ
p = 0
H#y “341;;? #L)
2 2
$ = o}
P Wy bty ) My, . ) (11)

A(i)). Hvdrogen-like excitations

Represent SU(2) ® SU(2) = O(4) multipletsbelonging to the

representation (Ez- , -lg) ,N =20,1,2, ..., by the multispinors:
' o 2 (Qla,z.) Il ’

symmetric in @'s and B's separady, satisfyinge,f = 1,2,3,4,

Bargman-Wigner equations
% ( [ ( [54. ~ R
(P'“‘)T‘. é(f o «)P) @P ‘ P P*N)Pi = 0
(12)

-11-




A(ii)). Represent SU(3)} multiplets belonging to the representation

[N}, N =0,1,2, ..., by the fields

#(p) , ¢ (p), ¢ (p) ,
p i

which are symmetric but not tracdess in their indices. The

equations they satisfy are the same as for the O(3) case:

= 0
p}u é#
p = 0
iy gy )
2 2
p @ = m @
(M M) N By ) (13)

So much for the orbital part of the representations in the models
A, A(i) and A(ii). For the intrinsic spin-unitary part, we employ the

G(IZ) formalism for models A(i) and A(ii) using the multispinors

A -
(I’B(p)}AaB_l: o 312

for mesons (G,E) of rest symmetry US(G) @US(S) and

b4 A,B,C=1, ..., 12

(ABC)(p)

(symmétric A, B, C) for baryons (56,1) and ¥ antisymmetric in

‘ [AB]C
[A,B] and satisfying the cyclic condition

Yiagic ¥ Ymeia T Yecams 70
for the (70, 1).
‘ ; . 14}
The Bargmann-Wigner equations are
A B _ B Cc _
(p‘m)C LU (p + mlg 0
A ; A L
(p - m)D Y(ABC) = (p rn)D Y[AB]C 0, ete, (14)

~12~

R L -‘-mev . -‘*§ ‘
R T PAr S i

13)







