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INFINITIES OF NON-LINEAR AND VECTOR MESON LACRANGIAN THRORIES

ADDENDA

1. It is interesting to remark that if the chiral SU(2) x SU(2)
theory set out in Seo, 5 is regarded as a theory of the pion triplet
then one finds upon introducing the electromagnetic interaction by the
conventional recipe dy - QM -ie 4, , that the resulting inter-
action Lagrangian is of order M ,for example, for the Weinberg
paremetrization, . This would mean that the +t. m°

mags difference is finite., A caloulation is under way to compute this

number.,

2. Subsequent to the writing of the paper a number of related

vapers bave come to our noitice., These include

(A) G.V, Efimov I Kiev preprint ITF 68-52
II Kiev preprint ITF 68-54
111 Kiev preprint ITF 68-55,

(Some of the material of I and II has been publighed in Englishi
G,V., Efimov, Commun, Math, Phys., 7, 138 (1968),
0.V, Efimov, Commun, Math, Phys. 5, 42 (1967) = the rest is in Russian,)

These papers deal with, emong other matters, the problems of
causality and unitarity that arise with non=polynomial interactions,
Efimov discusses the connection of such interactions with quasilocal
Lagrangians for which he has found a set of rules for evaluating the
perturbation series in a manner compatible with the ugual unitarity,
relativistic invariance and anslyticity requirements., If this programme
has been validly oarried through "this is a remarksble result, deserving
of careful study to be sure that no hidden troubles have been overlooked",®

® 4,3, Wightman, Proceedings of 14th International Conference on High-
Energy Physios, Vienna,1968.



(B) H.M, Fried, Diffioculties with nomiinear (e.g. chiral)
dynamios, MNuovo Cimento 524, 1333 (1967);

H,M, Fried, Correlation between itranscendental and poly-
nomial Lagrangians, Phys, Rev, 174, 1725 (1968),

We should like to acknowledge that Fried was the first to con=
gider using E=F methods for the chiral Lagrangians slthough he did this
in s qualitative way only by ignoring the problems of treasting derivat-
ives in the interaction,

The diffioulty in the E-F method oconsidered by Fried concerns,
in the simplest instance, the possible existence of & singularity of the
vacuum matrix element < T(Lint (x) Lyt (y))) for spacelike (x=y).
Such a singularity would upset the unitarity and causality of the theory.
However, it seems %o us that this problem has been dealt with in a con-
vincing way by Efimov (JETP 17, 1417 (1963)) where he shows that this
metrix element considered as a funoction of the causal propagator, A(x=y),
must have an essmential singularity at & = 0, Such functione do not
guffer from the Fried objection, In fact, the essential singularity at
A = Ol is a basic feature of the amplitudes calculated by the E=F pro-
cedure and distinguishes them from amplitudes obtained by conventional

perturbation methods.

3 We have found that in the treatment of the massive Yang=-Mills
the'ory, integrations over the auxiliary variables wu, and v, do not
give the behaviour f_;(uMz uniformly for all matrix elements; the
behaviour of ¢ appears to vary in a complicated manner with the number
of external A lines, To make the normality of the theory explicit a
further change of variables appears to be necessary. This we shall
discuss in detail in a iater note dealing also with weak interactions,
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ABSTRACT

The unitarity and causality preserving technique for summing
perturbation contributions introduced by Efimov and Fradkin is extended
and applied to non-linear (chiral) type Lagrangian theories and also to
theories of massive Yang-Mills and neutral pseudovector mesons. It
is shown that the only likely infinities in these theories are those
associated with self-mass and self-charge. The same conclusions
appear to hold for weak interactions mediated by intermediate bosons,
Crucial to the treatment of vector meson theories is the use of (purely

self-interacting) unitarity~preserving Stlickelberg-like auxiliary fields,
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INFINITIES OF NON-LINEAR AND VECTOR MESON LAGRANGIAN
THEORIES

1. INTRODUCTION

(a) One of the significant recent advances in particle theory has
been the formulation of chifally invariant Lagrangian theoriesl).
These theories have so far been used with reasonable success for
predicting low-energy (soft meson) amplitudes in the following way:
the interaction Lagrangian - an exponential or rational function of the
spin zero meson fields d:i - is expanded as an infinite power series in

2)

(61 and then used to evaluate tree diagram contributions to the ampli=-
tudes, Clearly at the next level of sophistication one is interested in

the closed loop contributions at which stage two related problems arise.

(i) Since the Lagrangian itself is expressed as an infinite
power series, ;fint = ; a_ gn an (aqS)z , the number of

perturbation diagrams in each order n increases (typically)

rerturbation

as fast or faster than n' . On any reasonable estimaite the,(

expansion must be a divergent series, For respectable

theories like quantum electrodynamies, with Lagrangians

which are polynomial in field variables, one has always

3)

suspected that the perturbation expansion provides an

2
asymptotic series in e /i‘ic ; here, with Lagrangians which

are themselves infinite series, this behaviour appears a

virtual certainty.

(ii) Each of the terms in the expansion of the Lagrangian
(terms like qbn,(agb)z : n21) represents a non-renormalizabie
interaction in the conventional sense. The ultraviolet
infinities of the perturbation expansion therefore get progress-
ively more virulent. On the face of it this is rather sur-
prising, since it is well known that every non-linear theory
can be reformulated as a theory of linear group represent-

4)

ations ' with polynomial Lagrangians together with a certain
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number of constraints on the fields t{)l . Before the im-
position of the constraint the theories are renormalizable;
if any non-renormalizability occurs, it must arise through

the imposition of the constraint,

In this paper we argue that both difficulties (i) and (ii) stem
from the same circumstance, namely the expansion of the Lagrangian
"in a power series of field variables, and that a summation 5), or even
a partial summation, of the divergeni perturbation series is likely at

6)

the same time to reduce the problem of ultravieclet infinities

(B) A basic and much neglected advance was made towards the
(partial) summation of perturbation series arising from rational and
exponential Lagrangians in a series of pabers by Efimov and Fradkin R
during 1963, Like all summation methods for divergent series the
problem of uniqueness of the sum remains unresolved in their technique
too, Efimov however has shown that besides satisfying the usual
analyticity requirements, the Efimov-Fradkin (E-F) summation method

meets the demand of consistency with Landau-Cutkosky unitarity at

least for the self~energy and vertex functions, In this paper we wish
io apply the E~-F method for summing the perturbation series of non-
linear Lagrangians of the chiral variety and for the related problem of
theories with gauge vector mesons, We wish to show that the infinities
in such theories are no worse after summation than those encountered
in conventionally renormalizable theories, Central to our discussion
is the result which states that the degree of ultraviolet infinity of E-F
sums depends on the growth of iint(ti)) as ¢ = o for non-linear
theories just as for usual linear theories, To be more specific, the
result (extended below to include derivative couplings so essential in

non-linear chiral Lagrangians) can be stated as follows:

(i) Assign to each scalar field ¢(x) (with the propagator
-2 2
< T{d}(x) ¢(0)1> = Alx) » x °© as X -+0) the "singularity"
el
behaviour ¢(x) = 1/ ,/xz ~ 1/x as x - 0 or equivalently

¢NM with M- o0 ,




(ii) Likewise assign the behaviours

2 2
dd(x) » 1/x or 3¢ A~ M
H x -0 K Moo
3/2 3/2 1,
P(x) ~ 1/x or ¥  M/7; y=spinz field
x>0 M->od
‘ 2 2 . .
U (x}) o 1/x or U A~ M ; U=spinl field .
H x —0 H IM—» o0

A theory is expected to be renormalizable, with only a few

4

types of integrals that are ultraviolet infinite, if ‘imt ~ M

Mo

This criterion applies equally to integrals in conventional polynomial

Lagrangians like iint =g ¢4 or g g-bvlblqﬁ , as well as to E~F sums
in theories with Lagrangians like g ¢2(3¢)2/(1 +¢2). We shall call
such theories normal. Theories like Ofi_nt =g ¢3 or g(3¢)2/(1+¢2)
which behave like M3 or M2 or lower ( ‘fintNMn : n < 4) will be

called supernormal, = All theories which behave worse than ¢4 , l.e.,

for which sfintN M?, n> 4, will be called abnormal, For super-
normal theories there is the attractive possibility that when n< 2 all

integrals including those for self-mass and self~charge are finite,

(C) In this paper we shall consider in detail the problem of in-

finities in two types of Lagrangian theories,

(i) Non-linear Lagrangians of the chiral type which we

show 'are normal but not supernormal,

(ii) Vector meson Lagrangians, particularly the massive
Yang-Mills theory., It is well known that the interaction of
the spin zero component of the vector field can be shown to

8)

be equivalent ' to an exponential type of interaction in a

Sti ckelberg formulation of the theory, By adopting a variant
of the Stiickelberg form studied recenily by Veltman and
Ghose 9) and by using equivalence theorems 8) we prove that

theories of neutral pseudovector mesons interacting with
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nucleons and of massive Yang-Mills fields are indeed normal

in the E-F sense with only a few types of integrals in the

10)

theories which are possibly infinite .

(D) The plan of the paper is as follows: In Sec, 2 we give an out-

.lin'e of the E-F method which has two ingredients, (i) Hori's exponential

11)

of Wick's normal ordering theorem and (ii) the E-F

K

representation
integral representation of Hori's exponential operator, The power
counting rules for estimating over-all ultraviolet infinities of E-F sums
is given in Sec.3, We consider derivative couplings in Sec. 4 and
formulate the rﬁles_ for writing E-F sums in such a manner that the
ultraviolet power counting estimate can also be stated here, Sec.5
contains the application of these results to the non-linear (chiralltype)
Lagrangians in'an SU(2) ® SU(2) symmetric theory. Sinceequivalence
theorems, which state that on-mass-shell S-matrix elements are un-
altered by contact transformations in field space, play such a critical

12)

role , we devote Sec. 6 to a non-rigorous discussion of the circum-
stances in which such transformations are permissible. Finally in
Secs, 7 and 8 we study vector meson interactions and their ultraviolet
infinities, both for a neutral pseudovector theory and -for the Yang-

Mills case,
(in preparation)

The companion paper by Koller)\is concerned with explicit
computations of E~-F sums for derivative coupling Lagrangians and the
techniques needed for their evaluation, In a subsequent paper we shall
consider weak interaction Lagrangians to show that the methods of this
paper carry over to achieve in a straightforward manner a weak inter-

action Lagrangian theory with just the normal infinities.




2. THEORIES WITH NON-DERIVATIVE COUPLINGS

We summarize below the steps needed to arrive at the

7)

the interaction Lagrangian contains no field derivatives. (In Sec.4 we

Efimov-Fradkin (E-F) representation ° of the S-matrix, assuming that

shall extend the techniques to cover situations where derivatives are
encountered.) An illustrative example is presented to demonstirate the

power of the E-F method.

Step 1 Begin with the standard perturbation expansion of the S-matrix
N

1
ET_. , where

(N) . N 4 4 _
sN - g fd ... a2 TL{o@ )]0 L)l ()
and we are supposing in this section that

L =g L{Q’(X)} (2)

int
where © denotes a real scalar field.

The further expansion of the S-matrix into normal Wick

products can be compactly expressed through Hori's functional

ogeratbr 1) as follows,

¥
2

[L{o(z,)]...L{o(z,)]] (3)

42]
a——

where A(xl-le denotes the bare causal propagatof for the scalar field

@ . This formula can be simplified to read
N 2
N)_ N4 4 . ‘
=g fd Zyeos d Zy exp@ Aij _amiBQI )[L{(pﬁ. {q)N]Iil(p T

B AEE)
(4)

Here Py = cpeXt (zk) is the wave function of any external particle which

-G~




may be acting at the point z One may rewrite (4) in a form where

k ° .
these external wave functions are exhibited separately by writing

fdx... tp(xl)...cp(x) ()(xl..--.X) (5)

where the n-point function in the N-th order equals

5° ()
‘éq}(xl)...dqa(xn) s o)

S(N)(xl,...,xn) =<0

4 m (m,.)

i ng d421"'d N Z 5 l(x'zl)""s mN(""ZN) Sml....mN(A)
1
(6)
with
™y

§ (x-zl) = 6('xr-ia -zl) S(X1 --zl)...n!i(xi -zl), ete,, (7)

1 2 m

and 1

| Sml...mN(A) =exp{ Z ij . aq,aq, :Kapl) ( ) ]:L(q)l).-.L(qJN)]

i.

(8)

The vacuum graphs are given in their entirety by

z fd 2peendzg Sp0 (A) (9)

2

N
1 3
SOO. .o O(A) ) exP(zZ Aij aq,ia(pj> L(Cpl). . .L(q)N) , (10)
ij

while the two-point (self-energy) graphs are completely described by

N
-, lig) S 4 4 ety - .
Sy oy d'zy...d'zy Holx;-2))8(xy-2,)Sy 00 - (&) +

+ é(xl-zz)é(xz—zz)s (A) + ..

020" "

L-Sllo...(A) +... } (11)

.}+

{(lx -2 )8(x,=2,) +8(x, =2,)6(x,~2 )+

F=0

-




with

SN 32
Fig. Ya) q’l
—@-Sllo. .. () = exp z A J acplacp L(qal)...L(cpN)) )
2 9=0, etc,

Fig.A(b) (12)
Step 2. Give a simple integral representation of Hori's exponential
operator by making use of the E-F lemma 7):

2
exp[A ] Flo ¢ )
dpag'

= ;lr-fdzu expE ful 2 uc 5% + u¥e” **-a—:l Flp,9")
op

=%fd2uexp[-|l1|23 F(o+uc, o' +u¥c) (13)
with the parameters ¢ and c¢' constrained to satisfy cc = A , but
otherwise arbitrary, [ They can be chosen to suit one's purpose, Thus

= c‘ = /A would correspond to the most symmetric choice,one we
often make: ¢ = A, ¢' =1 to the most asymmetric choice, In any
event the final result cannot explicitly involve any équare roots of A
and must only depend on the product ce' = A .1 Since the final ex-
pression on the right of (13) involves as integrand the function F
shifted from its value ato , 9’ to @ + uc, o' + u*¢’ we shall call

this the'exponential shift" lemma.

Applying the lemma to the N-th order S-matrix by introducing
complex variables u,, , ¢,. between every two pairs of points ij, one has
1} 1]

the representation

oo GT 3, sk
G ) kil ) | X

17 L{on *) N U |
k | (14)




with

c..c..= A.. (nosummation over ij)
ij i i
and
=y X
uij = uy (15)

(If we make the restriction i# j above, we exclude all graphs in
which A(0) appears thrmfgh a contraction within each L{q)]. This

amounts to assuining that L{q)}. is already normally ordered,)

As an application of the lemma consider all vacuum graphs

of order gN . These are given by:

SOO. "‘ 0('A) = E[(% fdzui:i)exp (—Z,uij |2)L<Z,c1kulk)' .o L@ CN]éc“Nk)

(16)

Likewise the self-energy graphs of order gN are given in terms of

S20...008 7 -g_(#g"ﬁ%]') xp (‘zl‘kajll) L"(% n u.&) L(%CN&KN&)

. (17
and so on, Here 'L’ si}-l’- , L" 2L , ete,
ek 2
90

To see how this works in practice take the model for which

4 2
gL{o) = go /(1 + )i.ztp } . The power of the technique, which explicitly
displays sums of perturbation series to each order in g , is already

2

apparent since all orders in A~ are automatically taken into account by

the E-¥ expressions. Thus to second order in g and all orders in

12 the vacuum contribution equals

/4 %4
2S (x )=' 2 dzu -Iulz c4u4 c 4u 4
€ Spp\ ¥ ¥ 78 |\ Tp © 2 2 2 2 12 24

1+2A"cu 1+X ¢







