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INFINITIES OP NOH-LINEAR AND VECTOR MESON LAQRANCHAN THEORIES

A D D E N D A

1. I t 1B in te res t ing to remark that i f the chi ra l SU(2) x SU(2)

theory set out in Sec. 5 i s regarded as a theory of the pion t r i p l e t

then one finds upon introducing the electromagnetic in teract ion by the

conventional recipe d^ •* d^ - ie A „ , thai the resu l t ing i n t e r -

action Lagrangian i s of order M ,for example, for the Weinberg

parametrization. ThiB would mean that the TT"1'- TT°

mass difference i s f i n i t e . A calculation i s under way to compute t h i s

number*

2, Subsequent to the wri t ing of the paper a number of re la ted

papers have come to our notice* These include

(A) O.V. Efimov I Kiev preprint ITP 68-52

II Kiev preprint ITF 68.-54

III Kiev preprint ITP 68-55.

(Sone of the material of I and II hag been published in English 1

G.V. Efimov, Commun. Math, Phys. £» 138 (1968),

G.V, Efimov, Commun. Math* Phys. £, 42 (1967) " the reBt is in Russian.)

These papers deal with, among other matters, the problems of

causality and unitarity that arise with non-polynomial interactions.

Efimov discusses the connection of suoh interactions with quasi-looal

Lagrangians for which he has found a set of rules for evaluating the

perturbation series in a manner compatible, with the UBual unitarity,

relativistio invarianoe and analytioity requirements. If this programme

has been validly carried through "this is a remarkable result, deserving

of oareful study to be sure that no hidden troubles have been overlooked".*'

A* 3, Vfightman, Proceedings of 14th International Conference on High-

Energy PhysioB, Vienna,1968e
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(B) H,M, Fried, Diffioultiee with nonlinear (e.gt ohiral)

dynamics, Nuovo Cimento 52A, 1333 (1967)$

H.M, Fried, Correlation between transcendental and poly-

nomial Lagrangians, Phys. Rev. 3J4, 1725 (1968),

We should like to acknowledge that Fried was the first to con-

eider using E-F methods for the chiral Lagrangians although he did this

in a qualitative way only "by ignoring the problems of treating derivat-

ives in the interactions

The difficulty in the E-F method considered by Fried concerns,

in the simplest instance, the possible existence of a singularity of the

vacuum matrix element ^T(L. + (x) L. , (y)) ̂  for spacelike (x-y).

Such a singularity would upset the unitarity and oausality of the theory*

However, it seems to us that this problem has been dealt with in a con-

vincing way "by Efimov (JETP 1£» 1417 (1963)) where he shows that this

matrix element oonsidered as a function of the causal propagator,A(x-y),

must have an essential singularity at & ° 0. Such functions do not

suffer from the Fried objection« In fact, the essential singularity at

A » 0 is a basio feature of the amplitudes calculated by the E-F pro-

cedure and distinguishes them from amplitudes obtained by conventional

perturbation methods.

3. We have found that in the treatment of the massive Tang-Mills

theory, integrations over the auxiliary variables u ^ and v ^ do not
2give the behaviour Cp^M uniformly for all matrix elements; the

behaviour of y appears to vary in a complicated manner with the number

of external A lines. To make the normality of the theory explicit a

further change of variables appears to be neoessary. This we shall

discuss in detail in a later note dealing also with weak interactions.
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ABSTRACT

The unitarity and causality preserving technique for summing

perturbation contributions introduced by Efimov and Fradkin is extended

and applied to non-linear (chiral) type Lagrangian theories and also to

theories of massive Yang-Mills and neutral pseudovector mesons. It

is shown that the only likely infinities in these theories are those

associated with self-mass and self-charge. The same conclusions

appear to hold for weak interactions mediated by intermediate bosons.

Crucial to the treatment of vector meson theories is the use of (purely

self-interacting) unitarity-preserving Stiickelberg-like auxiliary fields.

- 1 -



INFINITIES OF NON-LINEAR AND VECTOR MESON LAGRANGIAN

THEORIES

1. INTRODUCTION

(A) One of the significant recent advances in particle theory has

been the formulation of chirally invariant Lagrangian theories .

These theories have so far been used with reasonable success for

predicting low-energy (soft meson) amplitudes in the following way:

the interaction Lagrangian - an exponential or rational function of the

spin zero meson fields <£ - is expanded as an infinite power ser ies in

4 and then used to evaluate tree diagram contributions to the ampli-

tudes. Clearly at the next level of sophistication one is interested in

the closed loop contributions at which stage two related problems ar ise .

(i) Since the Lagrangian itself is expressed as an infinite

power ser ies , o-f = 2* a g $ (9<£) , the number of
lrlT t\. n ~

perturbation diagrams in each order n increases (typically)
perturbation

as fast or faster than n1. . On any reasonable estimate the^

expansion must be a divergent series. For respectable

theories like quantum electrodynamics,, with Lagrangians

which are polynomial in field variables, one has always

suspected that the perturbation expansion provides an
2

asymptotic series in e /-fie ; here, with Lagrangians which

are themselves infinite series, this behaviour appears a

virtual certainty.

(ii) Each of the terms in the expansion of the Lagrangian

(terms like <j> (90) ; n^l) represents a non-renormalizable

interaction in the conventional sense. The ultraviolet

infinities of the perturbation expansion therefore get progress-

ively more virulent. On the face of it this is rather sur-

prising* since it is well known that every non-linear theory

can be reformulated as a theory of linear group represent-

ations with polynomial Lagrangians together with a certain
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number of cons t ra in ts on the fields <f> , Before the im-

position of the constraint the theor ies a r e renormal izab le ;

if any non-renormal izabi l i ty occurs , it must a r i s e through

the imposition of the const ra in t .

In this paper we argue that both difficulties (i) and (ii) s tem

from the same c i rcumstance , namely the expansion of the Lagrangian
5)in a power s e r i e s of field var iab les , and that a summation , or even

a par t ia l summation, of the divergent per turbat ion s e r i e s is likely at

the same t ime to reduce the problem of ul traviolet infinities .

(B) A bas ic and much neglected advance was made towards the

(partial) summation of per turbat ion s e r i e s a r i s ing from ra t ional and
7)

exponential Lagrangians in a s e r i e s of papers by Efimov and Fradkin

during 1963. Like all summation methods for divergent s e r i e s the

problem of uniqueness of the sum rema ins unresolved in their technique

too. Efimov however has shown that besides satisfying the usual

analyticity r equ i r emen t s , the Ef imov-Fradkin (E-F) summation method

meets the demand of consistency with Landau-Cutkosky unitari ty at

leas t for the se l f -energy and ver tex functions. In this paper we wish

to apply the E - F method for summing the per turbat ion s e r i e s of non-

l inear Lagrangians of the ch i ra l var ie ty and for the re la ted problem of

theor ies with gauge vector mesons . We wish to show that the infinities

in such theor ies a r e no worse after summation than those encountered

in conventionally renormal izab le t heo r i e s . Centra l to our discussion

is the r e su l t which s ta tes that the degree of ul traviolet infinity of E - F

sums depends on the growth of X. ,($) as $ -» oo for non-l inear

theor ies just as for usual l inear theor ie s . To be more specific,the

resu l t (extended below to include derivat ive couplings so essent ia l in

non-l inear ch i ra l Lagrangians) can be stated as follows:

(i) Assign to each s ca l a r field $(x) (with the propagator

< T[4(x) <A(0)]> = A(x) « x" as x -> 0 ) the "singularity"

behaviour ^(x) ^ 1/yx R? 1/x as x -*• 0 or equivalently

<£ ~ M with M—• eo .
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(ii) Likewise assign the behaviours

9 <Mx) ~, 1/x2 or 9 & ^ M2

W 3 / 2 , ™ 3 / 2 , . 1 , . , ,
1/x ' or ip ~s M ' ; ip = spin — field

U (x) ^ 1/x2 or U ~ M2 ; U = spin 1 field

A theory is expected to be renormalizable, with only a few

types of integrals that are ultraviolet infinite, if <*L ^ M

This criterion applies equally to integrals in conventional polynomial

Lagrangians like of. , = g $ or g 0 0 $ , as well as to E-F sums

in theories with Lagrangians like g $̂ (9<£) /(I +<̂  ). We shall call

such theories normal. Theories like «=*-. +
 = g ^ or g(3^)^/(l + ^ )

which behave like M or M or lower ( jf. ^ M ; n < 4) will be
int 4

called supernormal. All theories which behave worse than $ , i. e.,
for which of. . ~ Mn , n > 4 , will be called abnormal. For super-

mt

normal theories there is the attractive possibility that when n< 2 all

integrals including those for self-mass and self-charge are finite.
(C) In this paper vfe shall consider in detail the problem of in-
finities in two types of Lagrangian theories.

(i) Non-linear Lagrangians of the chiral type which we

show are normal but not supernormal.

(ii) Vector meson Lagrangians, particularly the massive

Yang-Mills theory. It is well known that the interaction of

the spin zero component of the vector field can be shown to
81

be equivalent to an exponential type of interaction in a
Stii ckelberg formulation of the theory. By adopting a variant

of the Stiickelberg form studied recently by Veltman and

Ghose and by using equivalence theorems we prove t

theories of neutral pseudovector mesons interacting with

- 4 -
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nucleons and of massive Yang-Mills fields are indeed normal

in the E-F sense with only a few types of integrals in the
10)

theories which are possibly infinite

(D) The plan of the paper is as follows: In Sec, 2 we give an out-

line of the E-F method which has two ingredients, (i) Hori's exponential

representation of Wick's normal ordering theorem and (ii) the E-F

integral representation of Hori's exponential operator. The power

counting rules for estimating over-all ultraviolet infinities of E-F sums

is given in Sec. 3. We consider derivative couplings in Sec. 4 and

formulate the rules for writing E-F sums in such a manner that the

ultraviolet power counting estimate can also be stated here. Sec. 5

contains the application of these results to the non-linear (chiral type)

Lagrangians in'an SU{2) Bi SU(2) symmetric theory. Since equivalence

theorems, which state that on-mass-shell S-matrix elements are un-

altered by contact transformations in field space, play such a critical
12)

role , we devote Sec. 6 to a non-rigorous discussion of the circum-

stances in which such transformations are permissible. Finally in

Sees. 7 and 8 we study vector meson interactions and their ultraviolet

infinities, both for a neutral pseudovector theory and for the Yang-

Mills case.
(in preparation)

The companion paper by Kollerlis concerned with explicit

computations of E-̂ F sums for derivative coupling Lagrangians and the

techniques needed for their evaluation. In a subsequent paper we shall

consider weak interaction Lagrangians to show that the methods of this

paper carry over to achieve in a straightforward manner a weak inter-

action Lagrangian theory with just the normal infinities.
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2. THEORIES WITH NON-DERIVATIVE COUPLINGS

We summarize below the steps needed to arrive at the
7)

Efimov-Fradkin (E-F) representation of the S-matrix, assuming that

the interaction Lagrangian contains no field derivatives. (In Sec. 4 we

shall extend the techniques to cover situations where derivatives are

encountered.) An illustrative example is presented to demonstrate the

power of the E-F method.

Step 1. Begin with the standard perturbation expansion of the S-matrix

S = H ~ s fN) , where

S (N) = g
N J A,.. . d 4zN T[L(<p(Zl)j... L{q>(zN)} J (1)

and we are supposing in this section that

*int = g

where <p denotes a real scalar field.

The further expansion of the S-matrix into normal Wick

products can be compactly expressed through Hori's functional

operator as follows,
i

O{N) N pA A (\ PA A S2

S - g / d z r . . d z N e x p ^ d Xld x2A(x rx2) ^ {
1 Li

(3)

where &(x. -xo) denotes the bare causal propagator for the scalar field

cp . This formula can be simplified to read

(4)

Here <p, = flp (zv) is the wave function of any external particle which
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may be acting at the point z . One may rewrite. (4) in a form where

these external wave functions are exhibited separately by writing

(N) = :S ( N ) ( X l (5)

where the n-point function in the N-th order equals

(x. , . , . , X ) - <( 0 I ——: r r~ .
1 n N I6<p(x1)...6cp(x )

S ( N ) I 0 >

mH

with

and

H 6(x. -
1

V-N

-z ] [ ) , etc.,

The vacuum graphs are given in their entirety by

N

(A)

(6)

(7)

(8)

0)

r i T3

while the two-point (self-energy) graphs are completely described by

Nil
. . . d z,

. . , ( A ) + . .
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with

Fig-
<p= 0

• e x p -̂
<p = 0, e t c .

(12)

Step 2. Give a simple integral representation of Hori's exponential
7)

operator by making use of the E-F lemma ':

r a2 1
e x p I A — J F(q> <p* )

= - / d u expH 1 u | 4 - u c r - + u*c' — - F(<p.<p')

= - I* d2u exp [- | u | 2 ] F( op + uc , cp1 + u*c') (13)

with the parameters c and c1 constrained to satisfy cc - A , but

otherwise arbitrary. [They can be chosen to suit one's purpose. Thus

C = c - 7~A would correspond to the most symmetric choice^ne we

often make; c = A, c' = 1 to the most asymmetric choice. In any

event the final result cannot explicitly involve any square roots of A

and must only depend on the product cc' = A . ] Since the final ex-

pression on the right of (13) involves as integrand the function F

shifted from its value at <p , cp1 to cp + uc , cp' + u*c' we shall call

t,his the "exponential shift" lemma.

Applying the lemma to the N-th order S-matrix by introducing

ariables

the representation

complex variables u.. , c . between every two pairs of points i j , one has

(14)
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with

c.. c . = A .. (no summation over ii)

and

(If we make the restriction i f j above, we exclude all graphs in

which A(0) appears through a contraction within each L[qp], This

amounts to assuming that L{(p] is already normally ordered.)

As an application of the lemma consider all vacuum graphs

of order g . These are given by:

(16)
N

Likewise the self-energy graphs of order g are given in terms of

S 20. . .

, ' 3L _ II 32L
and so on. Here L = -— , L =—r- , etc.

To see how this works in practice take the model for which
4 / 2 2

gL(<p) = gup 1(1 + X <p ) , The power of the technique, which explicitly

displays sums of perturbation series to each order in g , is already
2

apparent since all orders in X are automatically taken into account by

the E-F expressions. Thus to second order in g and all orders in
2

X the vacuum contribution equals

2 c t \- 2f^?H Hul2 c4u4 c/4u*4

g 0 0 l ' X 2 g \ T T e . . . 2 2 2 . . 2 / 2 2 *
J 1 + X c u 1 + X c u
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where cc1 = A(x-x_). Likewise the two relevant self-energy terms
2

to second order in g but all orders in X are:

I . ,2 ,2
u - |u l d

4 4
c u

'4 *4
c u

and

2 o 2

e s u - g

c du \ 1 + X"c"u*

f ^ 2 i i2 , / 4 4
\ d u - |ul d / c u
J 7T e cdu I 1 , . 2 2
J \ 1 + X c u

'4 *4
c u

2 '2 *21 + X c u

The simplification of these integrals rests on the pair of relations.

1 \ ,2 *m n ... ,2.
— \ d u u u f ( u ) =

at

1 .n

1
 A2

— d u (1+on
* 9

)

and derivatives thereof. Thus we find,as expected, that the integrals

only involve the product cc1 ~ A and not the parameters c and c1

separately. Explicitly,

FiE.2

K 2 S = - g 2

Fig.3(a) e 20 S
1 2

11-

8

(18)

? ( 1 - X A 1 ; ( 1 - X A ? )

1

1 - X*A"s (1 - X^^r (1 - X AV)

(19)
4

In particular, when we set X = 0 we recover the <p perturb-

ation theory results,viz:'

00 S20 = S02

We shall return to the ultraviolet properties of these integrals after we

have discussed the question of infinities.
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