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INFINITIES IN EINSTEIN'S GRAVITATIONAL THEORY

The Einstein Lagrangian

2 * B e V P V\ ixv Xp' v '

is a non-polynomial function when expressed in terms of the contra-

uv
variant components, g , of the metric tensor.. The covariant

components, g ;which enter the expression for g ~ det g „ and the

Christoffel symbol

r x = \ gXp(9 g + a g - a g ) (2)

can be given as a ratio of two polynomials in g

Conventionally , the Lagrangian (1) is linearized by defining

a new field variable, h ,by

where K denotes the gravitational constant and n the Minkowski

metric. Expanding in powers of K one finds
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. (6)

Here we have collected all the bilinear terms, which are independent

of K , in the free Lagrangian L. while, for L. (which is a

function of the h's and their derivatives) an expansion in powers of
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K is implied. Perturbation calculations can be made in the usual

way with vertices determined by (6) and a free propagator obtained

from (5) together with a gauge condition. In a gauge of the Landau

3)
type , for example, one might use the propagator

U ( d d> + d d> ) | d , d

- d . e - e .d - 3e . e y (7)
KX yv K.X \xv KX JUI/J * '

2
where e_ = p p /p - r\ - d . In succeeding orders , however,

one finds integrals which diverge more and more virulently and

calculations become pointless.

{Recently we have studied a treatment of non-polynomial

Lagrangians with the S-matrix expressed as a power series not in K

4)
but in the non-polynomial h. , itself ' . The method used is the one

int

pioneered by Efimov and Fradkin who explicitly exhibit S-matrix

elements as closed expressions to a given order in L, . One can

examine these expressions for possible ultraviolet infinities and the

results of Efimov and Fradkin can be stated in the following form.
each

Associate with the field h a factor M and with/derivative
an additional power of M reflecting the high frequency behaviour, i. e . ,

ixv ,. ixv 2
h ~ M , Oyh 'v M , etc., for M -^ oo . Consider the limiting

4
behaviour o f L . ^ a s M ^ c O . If L. , w M then the theoryint int J

possesses the conventional infinities of self-mass and self-charge and

may be called normal. If L. ~ M , n > 4, the infinities proliferate

in the manner of conventionally unrenormalizable theories. These we
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call abnormal. On the other hand, if L, x ^ M with n < 4 then we
mt

have a supernormal theory with fewer infinities than in a normal

theory. If n < 2 there are no ultraviolet infinities.

Let us consider the Lagrangian (1) from this point of view.

Clearly if g ""* M then the covariant components behave like

i—— 2

g " J l /M while *] - g ' ^ l / M and, therefore, L ^ M . However,
4 4

since Lrt ~ M it follows that L. • * M also. This shows that in
0 int

the Efimov-Fradkin treatment Einstein's gravitational theory would be

normal.

The convergent behaviour of g and of *] -g1 gives rise to

beneficial effects in the interaction of gravitation with matter. The

coupling of gravitation to a real scalar field , <jt , for example, is

represented by the Lagrangian

3 4
the kinetic part of which goes like M rather than M as it would

in the absence of gravitation. It can even happen that interactions

which are unrenormalizable without gravitation become normal in its

7)presence

There is a special complication in forming perturbation series

with the massless graviton propagator (7). It was first shown by

Feynman and later generalized by De Witt ,Faddeevand Popov

and by Mandelstam that in order to preserve S-matrix unitarity

one must supplement the purely graviton graphs with closed loops of

a (fictitious) zero-mass vector fermion. These can be accounted for

by adding to the Lagrangian (1) an effective term
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\ -FTf »„ Al 3 A (8)

with the stipulation that no external A-lines are admitted. From (8)

we can separate a free Lagrangian for the A-field from which is

obtained the propagator

p + ie

Accordingly we can associate the asymptotic factor M with A and

3
observe that the effective Lagrangian (8) goes like M and so does not

disturb the normality of the gravitational theory.

In this note we have not given the detailed rules for writing

down S-matrix elements. Their form follows the pattern set out in

Ref. 4. The main purpose of this note is to draw the important dis-

ixv
tinction between the contra variant field g , which for ultraviolet

infinities behaves like M when M-j> oo , and its covariant counterpart

g which behaves like l/M in our non-polynomial calculational

technique.
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