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1. INTRODUCTION

1. Lagrangian field theory, if it is to have any future, must learn to
cope with non-renormalizable interactions, This becomes apparent when
one examines what we currently believe are Lagrangians of physical

interest. These include:

a) Chiral SU(2) x 8U(2) Lagrangians for strong interactions. A typical

example is Weinberg's Lagrangian for r-mesons:

i (3 ¢)

(1+fi)

b) Intermediate-boson mediated weak Lagrangian, An example
is an intermediate neutral vector meson Uu interacting with quarks Q ;
As is well known in Stiickelberg's representation . {U Au +% Bu B), iint
can be written in the typical form:

k) B

=1Q 7 (1+%) QA +m Q7! 1) Q

int
c) The gravitational Lagrangian of Einstein expressed in terms of the

. v
contravariant tensor
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The covariant components g“v which enter the expression for g= det g B
v
are expressed as a ratio of two polynomials in g"
The interaction Lagrangians in all these theories are typically of a
non-polynomial form in field variables, These Lagrangians can be ex-

panded in power series of the type:

- v(n) g4yn
(#=a \; o (8. (1.1)



(Here ¢ is a scalar field and for simplicity we are ignoring derivatives, )
The coefficients v(n) are proportional to " where f 1is a coupling
constant 1). All terms in such expansions with n> 4 are non-renormal-
izable. Thus, barring quantum electrodynamics, the rest of Lagrangian
particle physics apparently needs a closer study in respect of non-renormal-
izability.

2. Right from the very early days it was emphasised, particularly by
Heisenberg, that the perturbation expansions of the S-matrix in powers of

N .
G fr_ for the case of unrenormalizable theories suffer from two distinct

(though related) difficulties:
a) Infinities:

The integrals in the theory become more and more infinite in each
increasing order of perturbation., In each order one needs new counter-

terms containing higher and higher derivatives of fields if the conventional

subtraction philosophy of renormalizable interactions is to be extended to

these theories, (These infinite order higher derivatives are likely to pro-
duce a non~local counter-term Lagrangian, )
b} Unacceptable high-energy behaviour:

Even after a successful subtraction scheme has been cgrried out,
the high-energy behaviour (of the finite parts) of integrals is physically
unacceptable, As external momenta become’large, the dependence of
these integrals on external momenta increasea polynomially with the order

of the approximation, unlike the case for renormalizable theories.

3. Of these two types of difficulties, the first - concerning the infinities
of the integrals - has begun to be seriously investigated recently., Three

types of approaches have been considered:

a) The conventional approach, where the Feynman momentum space

N .
integrals in each order G f* are considered as they stand and a consistent

2)

subtraction procedure defined . It appears 3) that all three rigorous

subtraction procedures used for renormalizable theories, i.e,, i) the

Dyson-Salam method4), ii) the Bogolubov-Parasiuk-Hepp methods) and

6)

iii) the analytic renormalization method ', can be extended to non-renormal-

izable theories. To our knowledge the second technical problem of a

------------ s 7 O g b T M AN o L e maen pesrt v i Fi |




systematic organization of the counter-terms has not yet been examined
for any of the theories, nor‘,\ﬁle problem of physical interest posed by finite
changes in the definition of renormalization constants, (Since there are
an infinity of renormalization constants, such changes could reduce the

predictive power of the theory to naught, )

7), 8)

b) The x-space approach of Efimov and Fradkin for theories with

rational non-polynomial Lagrangians. Formally one can write the N-th
order approximation in the major coupling constant G in x-space toa

typical amplitude in the form of a divergent series:

FN(xl,xz,»-o)= cN Z(f)p"'q"'"' a Yoo

Pro - q -
‘ A (xl xz) AF(x2 X
.P,%.-. I

pqo-u 3

(1.2)
Efimov and Fradkin have described an elegant technique of carrying out

Borel sums of such series in the minor coupling parameter f ., These

sums can be examined in the ultraviolet limit (x1 - x2)2—> o,

2
(x., - x4) -0, - - The important result of their investigation

(eitended in Ref, 8) is that if the Dyson index D of the rational Lagrangians
is less than or equal to four - i.e., the same as that for renormalizable
the ories - (the Dyson index D is defined by the limit ©L(¢) = q’:D ),

-0
only a few types of Borel sums exhibit any ultraviolet infinities - again
like the case for renormalizable theories. In particular,if the Dyson
index D is less than two, none of the Borel sums (including those represent-
ing vacuum-to-vacuum transitions) 1s ultraviolet infinite. Thus if in some
sense.the Borel sums represent the physical amplitudes, all theories with
D <2 - and for these theories the Lagrangian must be non-polynomial -

9)

are super-renormalizable ',

This is a beautiful result, The important question to decide is to
what extent the Borel sums represent the physical amplitudes, Do
the p-space Fourier transforms of these x-space functions possess the
requisite analyticity and unitarity properties? And,finally,is the high-energy

behaviour of these p-space Fourier transforms polynomially bounded,as it

“3-



should be if physical amplitudes are being represented?

A detailed study of the Fourier transform of the Efimov-Fradkin

two-point function in second order of the major coupling constant G has

10)

been made by Lee and Zumino who have concluded (with Efimov) that:
i} the corresponding Borel sum does possess the requisite analyticity and
unitarity properties, ii) it is not polynomially bounded, iii) the well-known
lack of uniqueness of Borel sums of divergent series is reflected in an

arbitrariness of the amplitudes up to an entire function,

c) The p-space method:

Since it is the momentum-space Fourier transforms of the amplitude
(1.2) which are the quantities of primary physical interest, it is valuable
to have a summation method which works directywithin p-space. The
present paper is devoted to the development of such a method, following
11)

a procedure first discussed in this context by Volkov and which in its

essentials goes back to a discussion (in the appropriate region of x and
n) of the Fourier transform of [-1/1~:2]n by Gel'fand-Sl'ﬁlovlz). In
particular we show that:

i) The amplitudes appear to possess the analyticity structure associated

with the unitarity requirements,

i) The method gives immediately the asymptotic behaviour for large
values of external momenta and , in particular, for the two-point

2 . .
amplitude in the second order in G studied by I.ee and Zumino,

we reproduce very simply their result,

iii) The discussion of ultraviolet infinities of Borel sums in x-space is

closely parallelled by a similar one in p-space,

iv) One can develop a graph technique of Feynman-~like diagrams with

super-lines representing super-propagators (AF(x))n replacing

normal lines corresponding to Feynman propagators AF(x) . In
p-space, the closed loop integrations for super-graphs can be per-
formed with the help of Feynman's auxiliary parameters in exactly
the same fashion as for conventional polynomial Lagrangians, . In-

so far as there is (essentially) just gne super-graph in each order

-4-
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N . .
G , the topological analysis of super-graphs is simpler than

Feynman diagrams for polynomial Lagrangians,

4, The problems

It would appear from the above that for non-polynomial interaction
Lagrangians with index D < 2 one can construct amplitudes with no ultra-
violet infinities and which (if one can extrapolate from the limited experience
so far) are likely to satisfy the correct analyticity and unitarity requirements
(unitarity verified to each order in the major coupling constant G ). There

are two remaining problems:

a) The arbitrariness in the amplitudes which the Borel-summation method
in x-~-space allows or, as we shall see, its weaker analogue,which still exists
when the p-space method is used., The problem is analogous to the problem
of arbitrariness of finite renormalization constants in renormalizable

theories,

b) The more serious problem of non-polynomial bounded high-energy
behaviour of the amplitudes, We believe that any inference in this respect
on the basis of order-by-order calculations in powers of G is likely to be
misleading and a final verdict on the true asymptotic behaviour of these
theories can only be given after a summation of the series in the major
coupling constant G has been performed. For renormalizable theories,
as is well known, this summation has been carried out for certain sequences
of graphs for the four-point function and for a number of production ampli-
tudes. The result iglzgmergence of Regge behaviour for large values of
energy, unsuspected if one had only considered individual terms of the
perturbation expansion. We believe,on the basis of certain indicative
considerations,that a similar {drastic) change in the high-energy behaviour
also occurs in the present theories when the summation in G is carried
out. The p-space method is extremely convenient for summing the super-

graphs insofar as the analytical expressions for the super-graphs resemble

those for conventional polynomial Lagrangian theories.,




5, Plan of the paper

To make the plan of the present paper clear and to bring out the paral-
lel sets of ideas involved in the x-space and the p-space methods, we set

down here a brief and non-rigorous summary of the paper.

A) Super-graphs:

)
Consider iint(tﬁ) =G Z lr%l (-¢)n, (v(n) contains the minor
' n=20 .

coupling parameter f . The factor (_)n is included for later convenience, )

It is easy to verify that the GN contribution to an amplitude F(xl, ,xN)
with E external line ecan be written as a sum of contributions from a set of

super-graphs constructed as follows:

a) Take N points Xis X9y vee s Fg oo

b) Join all points pair-wise with just one super-line joining two distinct

points {xi . xj) ; associate with this line a positive integer nij .

1 .
c) For each line write the factor o [AF(xi -x)] 1
ij’ ]
d) For each point X, write a vertex factor v (Z nij + mi) . Here
i

m, is the number of external lines impinging on the point X, .

e) The contribution of the super-graph to the amplitude equals:

ey

Fon  Oxy) = G > 1T ’U“(}_:'n;j ‘”“i) T (Z-\p(x:_xj})
. ) i N T

morh .
v M
1‘\,3 4 4(3

. f
T.A;’- .

(1.3}
NS N . .
) To get the total contribution in order G~ , sum over configurations

of the external lines with the mi lines at the i-th vertex distributed

over the various vertices, such that




g) In the above set of rules we omit all tadpole contributions
(lines joining a point x, to itself), This is justified if we consider
instead of (1.1) a suitably Wick ordered interaction. Figs, 1 and 2

show a typical super-graph and a super-line ,

x
h) It is clear that the Green function !

R (X p P, X )
m,m,mye ++ 1077 EN

X3 ¢ .
Fig.1. A four-point super-graph. Thick lines are
super-lines each of which represents the
function Ag .

with m, , M, non-zero is simply related to

2 Fig.2: A super-line stands for the

collection of graphs.

le—l’m —I’m ,.‘"

2 3 . Fn'; 2

For example
A(x 'X)F = OJOJOJ-..
1 2 1'1.0,0,... al

where F(A) on the right-hand side of (1, 4) is obtained from (1. 3)
by replacing A(xl-xz) by ?LA(xl-xz)

B) To illustrate the x-space and p-space techniques, consider a simple

example with iint :

o0
V#) = T = C Zo (-t4)" (1.4)
h=

Here v{n) = (+ f)n n!

a) The formal series expansion for amplitudes

Formally an expectation value like

F(B) = Fylxnx,) = SVIBlx, ), Viglx,)) )
equals the divergent series:

=G Zn! f AF(xl-—xz) . (1.5)



We are interested in giving a meaning to this divergent series such that the

Fourier transform
Fp2) = j F(a) P a*x (1.6)

possesses correct analyticity and unitarity properties.

b) The Fuclidicity postulate

To do this consider the Symanzik region in p-space (p2 <0). (When
more than one external momentum pi is involved, the Symanzik region is
the region for which pi2 £0, pipj £0 .) Following Efimov, we can define

the integral (1.6) by making a Wick rotation Xy > ix For this region

in p-space one therefore needs to consider A(x) for i}uclidean X-space
only, {For a zero-mass field A(x) = -1/411’2;;2) (x2 = -xi - 3{_2) and is
real and positive.) For p-space regions outside the Symanzik region we
must appropriately analytically continue (1.6). (It cannot be emphasised
strongly enough that for divergent series of the type (1. 5) one is not starting
by "proving'' the validity of the Wick rotation, Rather, Euclidicity is a
basic postulate - part of the process of defining the theory . One agcepts

it for the Symanzik region; outside this region one makes an analytic

continuation,)

c) Borel summation

To give meaning to the divergent sum F(A) use Borel transforms

[

and write:
o0
F(a) = E g et elea) . (1.7
n=0 Yo
(Here we have used -
a0
n! = K e Sar )
0

d) The x-space method

The x~space method consists of inverting integration and summation

in (1, 7) and writing it as:
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o0

- 2,.~1
F(4) = j ate S (1 - er?a)"t (1.8)
o
F(b)
The expression (1. 8) defines the amplitudex. At this stage we encounter our
first problem in the x-space method; the integrand has a pole on the in-

tegration path at

1 411'2r2 2 2
g_—z———_ 5 for the case m=0,r=.3£."x4
A f

We must define how to go round this singularity.

One obvious answer is: take the principal value, This is because
F{A) in the Symanzik region is a sum of real terms. ‘The p.v. prescript-
ion for the integral representation (1. 8) of F(A) will guarantee this, Lee
and Zumino show that this is essentially the correct prescription, barring
an arbitrariness (to be specified later) associated with functions like
exp (1/(1’26)) which possess an expansion everywhere zero when expanded

around A= 0 , and which can be added to f{A) without affecting its re-
o)

presentation in the form E : n! (f?'t'.\)r1

h=0
. . / 2
e) One may now compute the Fourier transform, using {r = J/-x") ;
i - -1
Fip?) = 5 dx e ™ p. v, j age S (1 - grla)
o9
(-~ ]
2

An dr r2 Jl {/ -p r) p.v. d¢ e-g (1 --fng)_1

[~ ;

0
(1.9)

2
for p2 < 0 and continue direct to 0 < p2 <m . Inverting the order of

integrations:

2 oo = 1 -1
ﬁ(pz) = 4”2 f d¢ e-r f dr r4 J'l (-p2r) l:rz - §(f/21r)2] .




This integral can be explicitly evaluated and a continuation to time-like
2
values of p carried out to demonstrate that f(pz) possesses the correct
2
analyticity structure in the p -plane., The asymptotic behaviour of
~ 9 . :
F(p) is: - 1
F(s)— ~—5—~ § — =9

(t%s)>

— £ iw exp(fzs) s— +o1 il (1.10)

where s = p2

f). The p-space method

Our procedure is different. It depends on Volkov's observation of
the power of the Gel'fand-Shilov investigation of the Fourier transform

"2z in the range 0 < Rez <2 ,

of the generalized function {A(m = 0))2 = p
(In Sec, II we consider the case m # 0. We have no exact expression for
this case similar to (1,11} below but the general considerations are parallel

to those treated here,)

The crucial formula is

. 2.2-2 2-22
fd4 -ipx (-p) (4%}
pe

Az(x) - 1 .
sin 7z I'(z) I{z-1)

(27) (1.11)

0<Rez <2

To use this formula go back to the Borel sum (1. 7) and employ a Sommerfeld-

Watson transformation to convert the series into an integral of the form

sinmz

F(A) = -jé— f dz f dt e“f(‘ngA)Z . (1' 12)
r

with the contour I’ enclosing the positive real axis in the z-plane, (The

conditions for validity of employing this transformation are discussed in

-10-
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Sec.IIl.) Straighten the contour to lie along the imaginary axis with
Rez constrained to lie in the range 0<Rez < 2 , Using Gel'fand~-Shilov's

formula to take the Fourier transform we obtain

f‘( 2) = ..i. rvee dz (-fz)z('pz)z-zr(g'!'l)_ + (2#)46(13)

P 2 . gsinrz  sinwxz I{z)I{z - 1) (1.13)
d-1L00 ‘

where 0<a<2 ., (The term &(p) corresponds to a graph which contains

no internal line,)

In the above passage from (1. 5) to (1. 13) we have changed orders of
summation and integration repeatediy. The justification is provided in
Sec, III, Here we are only concerned with a rapid exposition of the p-space
method whose chief ingredients are the Sommerfeld-Watson transformation

{1,12) and the Fourier transformation (1.11),

g) Formula (1.13) is our master formula. By closing the contour along
the left,one can immediately obtain the asymptotic behaviour of ]?‘(pz) for
p2 - =~ o (and,in particular,the Lee-Zumino result (1.10)). As in Regge
pole theory, the right-most pole of the integrand gives the leading contri-

bution to the asymptotic behaviour.

h) The principal value ambiguity of the x-space method noted in d),
which does not seem to arise explicitly in this treatment, has a weaker
counterpart when we take into account the appearance of the (-)ive sign
in front of A in (—A)z in the Sommerfeld-Watson transform. To see

this more explicitly, introduce a multiplier A in front of A ; thus,

F(M)=i§ f—d-i— fdr et (-onla) . (1.14)

sinnz

We must interpret the limit A—> +1 by a peal average of the values

(-0% = e and (-1 =e "% , obtaining finally

-11-







