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I. INTRODUCTION

One of the important recent advances in field theory is the recognition

that non-polynomial Lagrangians of the transcendental (e. g. g e *) or

rational (e. g, g(l + K#) ) variety offer the prospect of infinity-free and
2)

(if some additional c r i te r ia are used) unambiguous computation of all

matrix elements including the finite computation of the traditionally infinite

renormalization constants. It also appears possible to extend the methods

used to more frequently encountered mixed Lagrangians of the type:

K$)~ or

The most serious problem as far as this finite computation of renormal-
i
ization constants is concerned is the problem of ambiguities. Present-day

mathematics appears to offer no unique prescription in this respect and

additional physical or mathematical criteria appear to be needed to solve

this problem. The approach in this note will essentially be an experiment-

al one in the sense that we shall try to guess from experiment what the de-

pendence of the renormalization constants on physical coupling constants

should be and then formulate a mathematical procedure to resolve the ambi-

guities accordingly.. In arriving at the suggestions made in this paper there

is the important circumstance that the above Lagrangians possess a simple

analytic dependence on the variable <<f> where <j> is the field and K is the

so-called minor coupling constant of fiie theory with dimensions of inverse

mass (g is the traditional major coupling parameter). Although it is only

in a vague manner that the idea is taking shape at present, it appears that

one may be able to formulate, corresponding to a given Lagrangian, a
some of

"maximum analyticity principle" in the K. plane, with^the singularities at
K = 0 being associated with the conventional infinities of residual Lagrangians

like gMA = i t , ° , . This principle may then provide one specific

recipe for the definition of the renormalization constants.

In the Appendix to this note ; which reports on work done together with

R. DelbourgOj C. J. Isham and J. Strathdee, we shall review the present

status of the ambiguity problem. The Appendix also gives the

procedure for the computation of the renormalization constants. In the
• « . . .
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text of the note we shall attempt to draw some qualitative and pre l iminary

conclusions about the magnitudes of the finite renormal iza t ion constants

within the context of this procedure which the p resen t theory gives. The

conclusion&rest on the following observa t ions :

1) The m a t r i x e lements in non-polynomial theor ies exhibit a cha rac t e r -
3) 2 2 2 2

ist ic dependence on the powers of log(K p ) where p is (momentum) .
of Lagrangians like *i>\)>A

2) The traditional renormalization infinitiesAmanifest themselves as
singularities in the minor coupling constant K plane when instead of

start with

g^^A we A the Lagrangian (g(^A))/(l+K<p) . Thus the traditional
logarithmic infinities now make their appearance in the form (log(K m )) ,

2 4

the quadratic infinities in the form 1/K and quartic :infinities as 1/K

As K -> 0 one recovers the old infinities. For conventional non-renormal-

izable theories the K plane singularities are of the form 1/(K ) with n

arbitrarily large. The magnitude of renDrmalization constants in any

theory is therefore connected with the (inverse) magnitude of the minor

coupling parameter.

3) We appear to have the paradoxical situation of the weaker the minor

coupling parameter, the stronger its influence on the magnitudes of the

renormalization constants. This apparent paradox becomes comprehensible

if one remembers that K is proportional to an inverse mass so that small

values of K are associated with small radii of particles or large inbuilt

cut-off masses.

4) Among the accepted non-polynomial Lagrangians of physics are:

i) The strong chiral Lagrangians of Giirsey-Weinberg variety:
2

(1 + X 2
£

2 f

with the minor constant X^ m

ii) Weak Lagrangians with the Fermi constant:

Here as we shall see in Sec. Ill, G_, acts both as the minor and major

constant.
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iii) Einstein's gravitational Lagrangian with the newtonian constant:

G = 8TT a2

N g

-22 -1
K = 2, 2 X 10 m (m is electron mass).

M e e

Here also K acts as minor as well as major constant (see Sec. IV).
g

These constants then appear to define a hierarchy of inbuilt cut-offs, the

least important (for the magnitudes of the renormalization constants) being

the strong cut-off defined by X^ and the most potent the one defined by

K . . In the next section we wish to consider - in a purely qualitative

manner - the interplay of these constants and the possibility ihat (with some

further assumptions) there might emerge connecting relations among them.

As an example we shall advance plausibility arguments within the theory

for the order of magnitude relation:

connecting electrodynamics and gravity. (The present value of the left-

hand side is W100/137.)
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II. STRONG INTERACTIONS

As stated before, the SU(2) X SU(2) chiral theories with

£ =Tr 9S 9S+

IT

(2)

are intrinsically non-polynomial in form. Here S and S (in Weinberg's

formulation) are given by

Sin) = 1 + i X £ ' x

1 - iX T ' j
and . (3)

1 + i\ yc r- TT

With the non-polynomial methods developed , these Lagrangians

would give rise to finite matrix elements with an inbuilt cut-off at

X~ f̂  2m /g N s; m . Unhappily, in addition to pions (kaons and Ts)

there are other strongly interacting particles - notably the gauge 1 and

1 particles - and the question arises: what can be done to compute the re-

normalization constants surviving in these theories?

Now in Ref. 1 i't was shown that there does exist a part-non-polynomial

formulation of gauge theories of massive spin-one particles which renders

some - though not all - renormalization constants finite. This is the formu-
4)

lation due to Boulware and we shall describe it here to point out precisely

what one may achieve and what problems are still left if one limits one-

self to strong gauge theories alone.

Consider a triplet of Yang-Mills fields described by

YM ^/i\> W^v + m W^ (4j

where

W = (9 W - 3 W + 2i f W x W ) . (5)
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The propagator for the W fields (W^ W^)+ - fg + ~^~\ A(V) i
d D

s~W>0 is
mJ

highly singular and the theory as it stands is non-renormalizable.

Following Boulware, let us now make a non-linear Stiickelberg-like

transformation on the field variables W . Write W = W * T and

introduce two sets of fields A and B , defined by the relation

Here S(B) is a unitary matrix which could be taken in the Weinberg form6)

as \ + 1 fj,m\ p . Write tyri = ~ S9 s"1 . The net effect of (6) is to
l - i tt/m) a Qf* 1 M

transform OLVM" to a part-polynomial (<ZVM(A)) and a part-non-polynomial

form:

. (7)

Now comes the important point. Boulware has shown that the two

Stiickelberg fields A and B in terms of which W has been re-expressed

can be assigned normal propagators (A , A ) = g A and (B(x), B(0)) = A(x)

provided the conventional rules for writing the S-matrix corresponding to the

Lagrangian (7) are supplemented by adding to (7) a term of the ^ 4^ E. ^ dtt

Here the triplet of F-particles represents "fictitious" bosons of Fermi

statistics first introduced into the theory by Feynman who showed that the

introduction of these bosons is needed to preserve unitarity of the S-matrix.

Consider now the final effective Lagrangian for the Yang-Mills field.

It can be written in two parts,, <iYM = ̂ 1 ^ +

(9)
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A is polynomial irf form, <=̂ YM *S non"P°^ynom^a^ with an inbuilt

cut-off at about m/f . The contributions to the traditional Z-factors, the

self-mass, the self-charge and the meson-meson scattering length, arising

from °^v,/r f are finite using the methods of the Appendix and proportional

to logf or m /f i etc. The contributions arising from the polynomial
j> (1)

part of the Lagrangian ^ Y M a r e s i ^ n o w e v e r ' ultraviolet infinite in the

traditional manner. To make them finite would need further

realistic non-polynomiality to be built into the theory. In the next section

we come back to a "realistic" provision of such non-polynomiality using,

for example, strong gravity theory. Without this, the traditional infinities
a (I) •

arising from O -̂V1VT would survive.

To summarize: Chiral Lagrangians possess inbuilt cut-off factors.

Parts of Yang-Mills Lagrangians also possess such factors but there are

other parts which are obstinately polynomial in form and give rise, if no

further modification of these Lagrangians is made, to the traditional ultra-

violet infinities. If an ad hoc procedure is adopted to regularize such in-
probably

finities, there is no known way - as,in contrast,there^is for non-polynomial

Lagrangians - to remove ambiguities.

III. WEAK INTERACTIONS

The discussion of the Yang-Mills field provides us with a model for

weak interactions mediated by intermediate bosons W^ . Since nothing

essential in the mathematics is altered even if we assume that the W mesons

form a gauge triplet W and W , we shall do so. (The physics is of course

altered because of this introduction of neutral currents, but at this stage

we are concerned with mathematical difficulties,) As is well known (see

Pig, 2),the Fermi constant and the constants f and m are related through

the formula

m

As before, make the Stiickelberg split of the W field in1;o normal fields

A and B , using the transformation matrix S(B) , given by

- 7 -



From the non-polynomial part of the Liagrangian (analogous to oL J^ of

(9)) one can compute finite contributions to the renormalization constants.

As explained before, these depend on G ? . As an example consider the
2 2

computation of 6m up to the second order in f , The non-polynomial
part of the Lagrangian ofy ' will give rise to the super-graph

Fig-1

with millions of B-lines going across. The order of magnitude contribution

of this graph can be shown to be

2 2 . (11)

2 2From the relation G , , ^ f /m we would thus obtain,if the present com-r
putational procedure for renormalization constants is correct, as an order

2 2
of magnitude relation 6m «• m , i. e. nearly all mass of the particle is
self-mass.

p M)
The contribution from the polynomial part 3-^Jl > represented by

A

is,however, still unregularized and - as in the case of strong Yang-Mills theory,

explained in Sec. II - will, in accordance withAideas of this note, need further

(realistic) damping if we desire to assign to this contribution a well-defined

number.

Let us neglect for the present this infinite contribution and examine the
2 2 2

relation (11). We know that the relation G ,̂ & f /m correctly represents

the approximate inter-relation of the three constants f , m and G_ ; we

normally obtain the relation by considering the exchange graph
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Fie. 2

That the same relation should emerge from the self-mass graph

A
Fie. 3

is a welcome confirmation of the thesis of this note - which states

that in a non-polynomial theory the inbuilt cut-off is determined

by the minor coupling constant (in this case G 2) and the renormalization

constants of the theory are essentially expressed as functions of its inverse.

IV. GRAVITATIONAL INTERACTION

Einstein's gravitational Lagrangian is the non-polynomial Lagrangian

par excellence. Its form is given by:

i r -2 1
L = K R(g) + L(matter)

v/det g L S J

Here

ftp vX nv X

with

-1 ~-

Both r (through its dependence on (g ) „ and (det g) 2 are the sources of

the non-polynomiality. The important point to note is that the latter factor

universally multiplies L(matter) ; in addition, all the derivatives occurring

in L(matter) (the covariant derivatives 1(9 - IM] ) give rise to non-

polynomial expressions through the occurrence of T .

-9-.



uv
In the vierbein gravity scheme, g equals the product of vierbein

fields L ^ l / with l / a = n"a+ K h ^ . ( /*= 1,-1,-1,-1) . Thus
a g

u. v +-5- fxB. jua
(det g ) = t det (H + K h )J is a polynomial of fourth order in K

7v - 1
In two previous papers '> the reality of the inbuilt cut-off at K was

S
demonstrated in a calculation of electron's self-mass and self-charge. It
was shown^for example,that the traditional logarithmic infinities get regular-

2 2ized to the form log(/cra ) with

— a logf J + terms of order or*, log K- and ax. (log*)'

As was remarked in the first paper, the crucial part of the result - and one

which gives faith in the basic soundness of ffie. ideas - is the appearance in

the matrix elements of the characteristic logarithmic dependence on the

minor coupling constant (log(K?tnl) factors). For gravity theory these factors

are of the real essence. This is because there is no question but that the
- 22

gravitational constant «m <%, 10 represents an amazingly out-of-line

magnitude - out of line with the other constants for the other forces. How-
2 2

ever, the logarithm of the newtonian constant log (G m ) x 100 (G c 8?r K ) ,

is of the order of a. , The natural and characteristic appearance of

the combination a log (GN m ) x 1 for non-polynomial gravity-modified

electrodynamics appears to us far from being an accident.' It is important
2

to remark that Gm is the Schwarzschild radius of the electron in natural
e

units and this inbuilt cut-off has come at this magnitude.

From this point of view it is also encouraging that already in the lowest

order in a , 6m/m is of a reasonable order of magnitude (6m/m »* 2/11) .

Since we expect on general grounds that;for higher orders in a , the effective

constant will indeed be a log (G m )L one may start with the ansatz that all
L N J

electron self-mass may have its origin in gravity-modified electrodynamics

(6m/m a 1) and then compute a log (G m ) in reverse, from the series

& =l*£an(«16g(GNmV .
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Consider now the prospects of a universal gravity-modified field

theory in a general manner. The renormalized electrodynamics of leptons

and photons exhibits no infinities higher than logarithmic. (The ratio

SA /STT f° r niuon-decay is not even logarithmically infinite in the lowest
A V should be

order while the potentially quadratically infinite photon self-mass /\ zero
from gauge invariance,) When we consider strong interaction physics,

non-leptonic
however, (and also weak^physics) the situation alters. This is because here

one encounters quadratic self-mass infinities for bosons which when com-
2

puted as 1/ K by our methods would unacceptably give large masses to
•o

particles. We do need a universal, all-embracing non-polynomiality for

interactions other than lepton- electrodynamics, but not the one provided by

Einstein's gravity theory with its very small (minor) coupling constant K .

Fortunately, the model for a universal hadronic force, with the same

characteristics as Einstein's gravity (except for the coupling strength),

already exists, and this we exploit in the next section.

V. F-MESON DOMINATED GRAVITY

According to pur present ideas, one of the fundamental forces of
two

nature, electrodynamics, is mediated throughidifferent mechanisms depend-

ing on whether we are considering leptons or hadrons. For lepton electro-

dynamics the present picture is that of a Dirac equation with photons

interacting directly with muons and electrons. For hadrons, no such direct

interaction is postulated. Instead the photon is pictured as inter-converting

into a (prescribed) mixture of the known 1 strongly-interacting particles

(p , 0 ,io ) , which themselves couple strongly to hadi

which for this reason may be called "strong photons".

(p , 0 ,io ) , which themselves couple strongly to hadronic electric charge and

Now nature has been prodigal in exactly the same manner with 2
4

particles. In addition {p the massless graviton (with its obvious analogy
-- - + '

with the massless photon), we know of at least three 2 massive strong-

ly interacting particles f , f ' and A-. It seems very natural that the analogy
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should carry further and that while leptons may interact directly with gravitons,

so far as hadrons are concerned, it maybe aroixture generic ally called P of

f , f (and perhaps other 2 objects which may be discovered) which

provides the agency mediating gravity. For this to happen, it is

mandatory that the F-meson in its strong interaction should couple to the

hadronic s t ress tensor just as the graviton does to the lepton s t ress tensor,

8)
We have constructed a generally covariant theory of a universal

strong coupling of F-mesons to hadronic s t ress tensor (with a coupling

parameter k & m % 1 BeV) and of the mixing of these particles to

gravitons, on an analogy with p-y mixing in electrodynamics. The

formalism is elegant - as indeed everything where general relativistic

invariance is concerned should be. The form of the final Lagrangian is

simple; it consists of three pieces ;

( 1 ) = (detg)~* [R(g) + L(leptons)]

(2) -A
> ' = (detf) 2 tR(f) + L(hadrons)]

2

L(3) = - f (detf)' Tr (fg"V" (Trfg"1)2

+ 6 Tr fg"1 - 12

Notice the symmetry of L and L ' so far as f and g tensors are .
**) id)

concerned. The lack of symmetry in L (which is a sort of cosmological
term) is a reflection of the physical lack of symmetry - in that the f-field

IK*. ',.
r epresents par t ic les of mass M. whilertg-field represents mass less gravitons.

(In the vierbein formalism, where

txv i&i u /ua jua /.
I = L L . • , L = r ) + / c h

Vs. 2

(12)

the physical fields are h and F< .)

•vWe discuss the problem presented by W mesons and to which particle, g or F they should directly interact,

plater. The idea of F dominance of gravity has been expressed by numerous authors, e.g. , P.G.O. Freund,
J. Schwinger, R. Delbourgo, Abdus Salam and J. Strathdee, K. Raman and/in a form essentially identical

to the above,by J. Wess and B. Zumino.

*V In Eq.(ia.) *e define the relation of the tensor f̂ " t 0 t h e physical F field.
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