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INTRODUCTION

The theme of t h i s session i s computation of the t r a d i t i o n a l l y i n -

finite renormalization constants. These constants are usually ex-

pressed (in Kallen-Lehmann formulation) as integrals of spectral

functions and their moments. They therefore represent magnitudes as

measurable or as immeasurable as the corresponding form factors. For

theories possessing internal symmetry, we in fact know more about them.

For example, we believe that bare 'm^ equals bare m ô j bare g^

equals bare g« and bare mQ (possibly) equals bare mv (= 0).

In oomputing renormalization oonstants, one is dealing with pro-

ducts of singular distribution functions. Basically the problem is

to extract good physics from the bad mathematics. This now seems

possible because of two advances.

1) Advanoes in mathematics of generalized functions: I have

in mind the Gel'fand-Shilov and related work in defining Fourier

transforms of products of distributions like:

/ l \ Z l f\ \ Z 2 / l \ Z l / 1 \ Z 2

Vy H V?7 and a/u V?y s dv \*V for i

This uses analytic continuation methods (continuation in the vari-

ables . z. and z2 from the region 0 < Re z^ , z,, , z^ + z,, < i)

and represents a major and as yet unappreciated advance in the

mathematics of our subject.

2) Advances in field theory: The realization that:

a) all Lagrangians of physical interest are intrinsically

non-polynomial in character (if all else fails, inclusion

of gravity makes them so);

b) the proofs (to be presented here to-day) that local-

izable non-polynomial Lagrangians are as respectable in a

strict field-theoretic sense as the polynomial ones;

c) the realization that analytic regularization methods

mentioned above are absolutely tailor-made for such

Lagrangians, yielding for a variety of these finite and

(as Prof. Lehmann will te l l us, with one further physical

ansatz) unambiguous values for the renormalization constants.
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The session will "be divided into three parts.

Part I : Analytic regularization methods and their

applicability to non-polynomial Lagrangians.

Part l i t Effects of including quantized tensor gravity

with the electrodynamics of leptons - i . e .

the finite and gauge-invariant computation of

electron's self-charge and self-mass in the

quantum theorist's version of curved space

and time, (The preservation of gauge invariance

is a new result,) .

Part l i l t The speculative suggestion that F-mesons couple to

the hadronic stress tensor in the same (non-

polynomial) manner as Einstein's gravitons do to

leptons ( i . e . the postulate of the two-tensor

theory of gravity), and the possibility of using

this non-polynomiality to regularize renormalization

constants in strong-interaction physics.

I shall briefly mention in these opening remarks some of the newer

contributions, speculations, and the unanswered questions. (in a

lecture like this, one can be unashamedly speculative in order to em-

phasise lines of possible further work.)

Before doing this, however, i t may be useful to make a l i s t of

some of the non-polynomial Lagrangians important in physics.

Non-polynomial Lagrangians of physioal interest include the

following;

A) CHIRAL SU(2) x Stf(2) LAGRAIfGIAW FOR STRONG • INTERACTIONS

A typical example i s the "IT-meson Lagrangian in i t s different para-

metric versions:



where
w " ~ (Weinberg-Schwinger co-ordinates)

or

S = exp(i A T • w) (Gursey co-ordinates) .

Here A, (A or ^G)> which we call the minor coupling constant, has

dimensions of inverse length; (empirically.X s m~ ). An important

open question for field theory in general is this: Are on-shell S-

matrices for these two versions equal; particularly as the Gursey

(exponential) form on the face of i t appears to define a localizable

chiral theory of TT-mesons and the Weinberg (rational) form a non-
EFNl] *"

looa l i zah le one .

B) UrPEBMEDIATB-BOSON MEDIATED 1EAK LAGEAHGIM

A t y p i c a l example i s a n e u t r a l Tf-meson of mass m i n t e r a c t i n g

with quarks (Q) of mass M , with

J> — 2 2
<3-. = f Q y (1 + 7C) Q W and m f ^ GCT (the Fermi constant) .

int A' o " - M F

The essential non-polynomiality of the theory is concealed in the

derivative coupling of the spin-zero daughter of the physical spin-

one partiole which is described by the four-vector field ¥.* . To

make this manifest, write Wu - AM + — d.. B in the well-known

Stuckelberg form and transform the quark-field Q» = exp(if y,- B/m)Q

The transformed d.. equals

01 f*v *n

= f Q1 y (1 + y ) Q1 A +MQ1 (exp - 1 J Q1

f* . o n \ [ _ m j /

The constant f/m & /CL plays the role of the minor coupling constant

in the second term of this Lagrangian. The important point I wish to

stress is this: A derivative coupling (of the B-field in this case)

can look deceptively polynomial in form; by suitable field transform-

ations i ts essential non-polynomiality (with the characteristic property

that, in Peynman's language, a whole host of lines emanate from a single

vertex) can be made manifest.

Footnotes are denoted [FID.] ,,,, and are given on pp.33-37.
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C) EUTSFEIinS TENSOR GRAVITY AND GRAVITY-MODIFIED MATTER FIELDS

The conventional Lagrangian for g rav i ty i s

where

x = - ^ g X p ( 9 g + a g - a g
(XV 2 e # 5 vp 1/ /up p A

If ĝ *v is the fundamental field, the covariant quantity g^ is

intrinsically non-polynomial and vice versa. The simplest example

for matter-field in curved space-time is the spin-zero field:

Lmatter

^matter *'s a-Lso non-polynomial. The quantity g^*v (the metric tensor

of classioal physics) is conventionally parametrized (when space-time

at infinity is Kinkowskian) in the form

2
Here K , the coupling constant of the theory , equals 8lTGw (G,̂  i s

the Newtonian cons tan t ) ( # 10""*ym ) , i . e . K." nolO BeV. An

a l t e r n a t i v e (and by the mathematicians the more favoured) parametr iza t ion

i s given by

- [exp

where y , are 4 x 4 pseudosymmetric matrices. (Note that for this

"exponential" parametrization det g**y • exp(t ha) . When we come to

consider spin--§ partioles, Einstein's tensor can be treated as the

fundamental f ie ld . Instead one must work with vierbein gravity

whose relation to g^ i s given by gMV - L'*4 L .
Or •



P A R T I

There are three speakers in this part of the session.

Prof. J.O. Taylor,in his lecture,will survey the methods which

have been developed to compute S-matrix elements in non-polynomial

Lagrangian theories, to any desired order in the major and all orders

in the minor coupling constant. (To remind you, for L a

• g : exp(K^) - 1 s , we call g the major and K, the minor constant.)

He will exhibit the inbuilt infinity-suppression mechanism for these theories

and also give a beautiful new proof of the unitarity of this solution.

Prof. Lehmann, in his lecture, discusses the very important problem

of possible distribution-theoretic ambiguities in the definition of

time-ordered products in localizable theories and their elimination.

This follows on the work by Lehmann and Pohlmeyer who have shown that

the procedures developed by Filippov, Volkov, Salam, Strathdee and

others, do guarantee analyticity and unitarity of localizable theories

to an arbitrary order in the major constant. The demonstration that

the analyticity and unitarity behaviour of localizable non-polynomial

theories is as good as that for the conventional polynomial ones is to

me tremendous news. Efimov had already given one proof; a more rigorous

confirmation from Lehmann and Pohlmeyer (and for unitarity from Taylor)

is extremely welcome. Mathematically, at any rate, the theories we are

dealing with are as respectable - or as ordinary and normal, with no

special mystery about them - as one could desire. Prof. Lehmann will

be followed by Dr. N. Christ, who disousses the ambiguity problem from

a different point of view.

I shall give here a very brief survey of the"ideas which will be

presented in more detail in later lectures.

A) GEL'FAHD-SHILOV METHOD AM) INFINITY SUPPRESSION

i ) The problems

Given a loca l izable Lagrahgian l ike

1) , ' (1.1)

we wish typioally to compute the superpropagator

' (T W ^ LI(*i
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Formally,

V"1
 (K V n n

n! ^ in ' in (.1*3 J
n=l

We spec ia l i ze t o zero-mass p a r t i c l e s where

( T 0.n(x) 0.n(O)) = D ( x ) = ^ . ( l l 4

with the Four ie r transform (FT) propor t iona l t o l / p . In eva lua t ing

a term l ike ( ty (x) $ ( 0 ) ) , the f i r s t problem i s the meaning to be

ascribed to <f> (x ) » The conventional procedure uses ( 1 . 4 ) to define

a normal product :6 : from the r e l a t i o n h (x) - :^ ( x ) : + D(0) .

Here D(0) is the infinite renormalization constant it l/x2 .

One now shows that

(T: *2(x) : :*2{0) :> = ~\^ (1.4')
(x )

up to a distribution-theoretic ambiguity of the form b h.> (x) (b-ambiguity).

This simplest of situations already poses the three problems which lie

at the heart of our discussion:

a) Normal ordering; is there any physics concealed in D(0)

and being discarded with i t by the normal—ordering procedure?

b) (l/x ) is a product of singular distributions l/x @ l/x

Is there a natural definition for i ts Fourier transform?

o) The role of the "ambiguity constant" b

Conventional renormalization theory treats problems b) and c) as

parts of one problem; in Fourier space, a faltung is used to write

r 1 _, 1 ipx A 1 p
/ —5 Si —7 e d x = 7 // x 2 x* , 4

(25T) ^

9 p

(p-k) k2

The integral on the right-hand side exhibits (a logarithmio) infinity.

A subtraction procedure is devised to separate this from the integral

and the constant b is adjusted to compensate this infinity.



This faltung method and infinity separation become prohibitively

complicated when we consider objects like

(T : tfn (x) : ; 0" (0) :)

represented by a cocoon-like graph with n-lines

with i t s (n-l) divergent sub integration a in momentum space. This was

one reason why non-renormalizable theories with polynomial Lagrangians

^ 3 g r 0I> S ^ » eto.) were soon abandoned. Even a

subtraction procedure was hard to define.

i i ) Gel'fand method

Non-polynomial Lagrangian theories, on the other hand, offer, through

the Gel'fand-Shilov procedures, a different approach, where we separate

problems b) and o ) . (Basical ly th i s happens because a superpropagator

in such theories i s a sum of a ser ies of singular function

hi (~"~27 * This sum i s far l e e s singular, when x —* 0

from an appropriate d irect ion , than each s ingle term of the s e r i e s .

(Roughly speaking, exp(-K-/x ) -* 0 when x i s space-like and K. i s

negative. Analytio continuation then f i l l s in for other direct ions and

other K. . )

To be more precise , l e t us return to (1 .4 ' )• We wish to compute the

FT of ( l / x 2 ) 2 5 more generally of Dn(x) - ( l / x 2 ) n . Gel'fand and Shilov

remark that since the FT of ( l / x ) i s a well-defined c l a s s i c a l mathematics

objeot whenever 0 < Re z < 2 , and i s proportional to ( T ( 2 - z ) ) / r ( z ) X

( l / p ) ~ , the FT of ( l / x ) , with n ly ing outside th i s region, may

be defined by an appropriate analytic continuation of th i s function in

the variable z . (Contrast the elegance of th i s def in i t ion with the

clumsiness of the conventional faltung procedure with i t s multiple divergent

loop subintegrations. We make the word "appropriate" more precise in a

minute.)

The Gel'fand-Shilov method was discussed in physics l i terature by
2) 3)

Guttinger fe,s early as 1966 and,in an equivalent formulation, by Gustafson4)even earlier. Bollini and Giambiagx were perhaps the first to use it
purposefully for rewriting conventional renormalization theory. Its
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power and value, however, beoome apparent particularly when we use i t

together with non-polynomial Lagrangians, beoause here the somewhat

vague ooncept of "appropriate analytic continuation" in the variable

z beoomes dove-tailed with the analyticity properties of the super-
2

propagator S(x) in the variable (K. D(x)) .

To give the bare bones of the method, consider the superpropagator

for the Lagrangian L_ « (s g e : - l ) . This is an entire function

of K2 D(x) :

Z J n! L J
n=l

First write i t s SommerfeId-Watson transform:

2
s ( x> '

transition from (1-5) to (1.6) /

The conditions under which ~1 is justified are stated in the papers
5)of Volkov, Salam, Strathdee, Lehmann and Pohlmeyer. There are b-

ambiguities in writing (1.6) which are discussed below. The contour

as usual encloses the positive real axis from Re z < 1 to infinity.

Second, rotate the contour to lie parallel to the imaginary axis -

in this particular case along 0 < Re 2 < 1 . The Gel'fand-Shilov

condition for "classical" Fourier transforming is met, and we write

S ( P ) = /
dz

V T(z) T(z+1) tarnrz
0 < Re z < 1

The integrand has a s ingle pole a t z o 1 ' (corresponding to the

-K. / x term in S(x)) and double poles a t z = 2 , 3 , 4 » . « . • These give
rs ry _ O O

rise to characteristic terms proportional to (K P ) log(K P ) .

This logarithmic dependence of the Green's function on the minor

coupling constant is a hallmark of non-polynomial Lagrangian theories.

i i i ) Infinity suppression

To Bee that this logarithmic dependence represents infinity sup-

pression, consider a mixed theory with L. » g X exp(icî ) . The

superpropagator equals

-8 -



„ _n+3 , 2vn
S(x) = g2

n=3

with the Sommerfeld-Watson transform

A r
2Jri J
A r <«V DZ+3 (1.8)

J TR62< 3

For the Gel'fand condition to "be met, the oontour must be shifted to the

left of Re z + 3 < 2 . This is perfectly possible since the integrand

is not singular at z *» -1 . The FT S(p) is easily evaluated and

contains terms proportional to g/ic » g log(*c p ) » g K P log(p K. ),

etc . Clearly g /KT is the relic of the quadratic infinity in a polynomial

theory given by fte Lagrangian g X, a fo (gX ) e Ktr j likewise
op rt->0

1°S(K P ) is "the relic of the logarithmio infinity. We recover these

infinities in the limit K.-> 0 . To put i t another way, (K) is the

inbuilt, realistic, reflularizinff cut-off in the non-polynomial theory

B ) PHIITE VERSUS HENOEKALIZABLE LAGHMGIABTS

Now i t is not always the case that every infinity can be regalar-

ized. Consider the Lagrangian L-,. •» (eKf _ 1 -ic^ - ( ( K <f>#2l)) .

Here the superpropagator ST_(x) has the same expression as in (1.6))

the contour of integration,however, lies along 2 <Re z <3 . We cannot

interchange z-integration with the FT since the

Gel*fand—Shilov condition Re z < 2 is not met. He must write

STl(x) o S,(x) - {YrTr)/2\ before doing so. While Sj(x) can be

Fourier-transformed by the methods above,the (-Vt^ )/2l term sticks out

like a sore thumb (ST). One may regularize i t using any available

method; there is no reason, however,for the effective cut-off to depend

on ic . We Bhall call the Lagrangian LT finite and, in contrast,

LTI renormalizable, since L_-. needs a subtraction constant of the

conventional variety. At least on© physical quantity cannot be com-

puted within the theory so far as Lj, is concerned» The ideal theory

would of course be the one where there are no uncomputable, renormal-

ization constants whatever.



0) AMBIGUITIES

Let us now turn to the ambiguity problem. Even the f in i t e theories
in the sense defined in the l a s t subsection suffer from these. Their
origin i s d is t r ibut ion- theore t ic ; the dis t r ibut ion (T I #n(x) j i ^ n (0) : )
i s ambiguous up to terms of the type 2_, ^ (9 )"" £(x) • Alternatively,
one oan see these b-ambiguities in the Sommerfeld-Watson formulation. In
passing from (1.5) to (1.6) and (1.7) we have written down an extrapolated
function merely from a knowledge of i t s value at integer poin ts . To be
more aocurate ire should have written in , in (1 .6) , the faotor

I ( l / ( tamrz)) + b(z) j rather than just l/tanirz

As I said ear l ier , Lehmann and Pohlmeyer's crucial contribution i s to
show that there exists a simple physical cr i ter ion - and th is applies
to a l l orders in the major coupling constant - using which one can

eliminate these dis t r ibut ion-theoret ic ambiguities from localizable
theories . The basic idea i s that for f in i t e localizable theories the
b-dependent (and ambiguous) contributions in (1.7) can be distinguished
from those with b = 0 through the i r behaviour in p-space for large
| p 2 | • The b-dependent terms do not f a l l in any direction in the jp |
plane, while the b-independent terms do and thus define a minimal-
singulari ty superpropagator S(p) . The same cr i ter ion was also used
ea r l i e r by Pilippov for the second-order superpropagator to eliminate

ambiguities and used by a l l workers in th is f i e ld , Lehmann and Pohlmeyer
give a general formulation valid for a l l higher-order superpropagators.
They show further that th i s dis t inct ion between b-dependent and b-
independent terms cannot be made for polynomial theoriesj the non-polynomials
are far superior to polynomials in th is regard.

D) NON-LOG ALIZABLE LAGRAfl"GIA¥S OF EATIOITAL VARIETY

Let us now turn to the case of normally ordered non- loca l izable

t h e o r i e s , e . g . L ^ - i g/(l + <<f) t Here

oo

r(n+l)(K2D(x))n . (1.9)
n=0

Contrast this with the superpropagator S,(x) . Considered as a series

in fc^x) , (1.9) in contrast to (1.5) has zero radius of oon-

vergence, Efimov and Pradkin'suggested defining the superpropagator
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