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APPENDIX II

We have four remarks to make to clarify kinking and cradling in Sec.III.D,

1) Take as an example the Lagrangian (see Sec.II,D)

X) :

then the insertion of a X"^^11^ corresponds to minus the unit operator when

proper account is taken of factors of i, -1, etc. In general we define

<T*x(x)x(y) expij-^V^1
-1) :

n=0

where 6, n is the n-th term arising from the expansion of the exponential,

whilst the kinked Green's functions are defined as

n»0 .

One can show by a lengthy but straightforward inductive proof that

n

r=0

n
K
(r) (A.II.l)

This expression is the main"cradling formula. It expresses the physical

graphs on the left-hand side in terms of the kinked graphs on the right-hand

side which are finite when nori-polynomial techniques are used and hence it

serves as the definition of the left-hand side. Note that cradled graphs re-

present essentially a perturbation expansion in terms of 5C t o+ a l ^ n contrast

to normal perturbation theory which is a series expansion in terms of
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2) The sum of all graphs up to order n is

J (n)

and can be expressed,using (A.II.l), as

n
Cn)

r=0

n + 1

r + 1
KCr) (A.II.2)

3) In using Eqs.(A.II.l) and (A.II.2) it should be remembered that because of the

normal ordering of the Lagrangian we have

»(1) _ «

and so, by (A.II.l),

k) As a particular application consider the! Green's function

From (A.II.2) and (A.II.3) we have

(A.It.3)

3)

(A.II.1+)

The last sentence on page 20 should read:

"... and then cradled into the supergraph shown in Fig.? plus four

times the supergraph shown in Fig.H, minus twice the free X-propagator

which corresponds to & e f f = : e ^ : Ox) •
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ABSTRACT

It is argued that the use of a visibly localisable para-

metrization of the gravitational interaction yields a number of

advantages. Firstly, the question of ambiguities can be completely

solved: according to a theorem of Lehmann and Pohlmeyer there exists

in such theories a unique "minimally singular" solution which it is

natural to adopt as the physical one. Secondly, it is possible to

show that this solution satisfies the usual requirements of

analyticity and unitarity in the sense of perturbation theory. These

points are reviewed in this paper, the main object of which is to

introduce a new technique for the treatment of those non—polynomial

Lagrangians in which the interaction terms are intimately associated

with the free part and contain derivatives. The gravity-modified

theories exemplify this type of Lagrangian: in such theories the

zero-graviton approximant to any process is "cradled" in a sequence

of graphs with arbitrarily large numbers of gravitons whose sum exists,

is finite and free of ambiguities. Since the problem of preserving

eleotromagneticfand gravitational) gauges iB also the problem of

derivatives occurring either in interaction Lagrangians or in the

propagators, our general treatment of derivatives is expected to

resolve such gauge difficulties. In particular,we show that the gravity-

modified photon renormalization constant as well as the gravity-modified

electromagnetic self-mass of the electron up to order OC log G., m (where

Ĝ . is the .Newtonian constant) are both gauge invariant.



I . INTRODUCTION • '

Field—theoretic infinities - first encountered in Lorentz's com-

putation of electron self-mass - have persisted in classical electro-

dynamics for seventy and in quantum electrodynamics for some thirty-

five years. These long years of frustration have left in the subject

a curious affection for the infinities and a passionate belief that

they are an inevitable part of nature; so much so that even the suggest-

ion of a hope that they may after all be circumvented - and finite values

for the renormalization constants computed - is considered

"irrational" 1 ^ .

As is well known, the infinities result from a lack of proper

definition of singular distributions which occur in field theory. One

of the major obstacles to progress in the subject has been the uncertain-

ty of whether these singularities have their origin in the circumstance

that a perturbation expansion is being made or whether i t is the form

of the Lagrangian - assumed to be polynomial in field variables - which

is at fault. An important suggestive advance in resolving this un-
2 )

certainty has been the work of Jaffe and Glimm J who, working with

exact and mathematically well-defined solutions of polynomial Lagrangian

field theories (in two and three space-time dimensions) have shown that

infinities persist even in exact solutions. If their conclusions may

be extrapolated to physical four-dimensional space-time, i t would seem

that the origin of the infinities is not so much in the bad mathematics

of the perturbation solution.' Rather, the fault lies with the bad physics

of the assumed polynomiality of the electromagnetic interaction.

Now non-polynomial Lagrangian theories have been studied since

1954 (in fact they date back to the Born-Infeld non-linear electrodynamics

of the 1930's) and i t is well known that a variety of these do indeed

possess perturbation solutions free of infinities. However, in modify-

ing electrodynamics to a non-polynomial version one has teen presented

with two dilemmas:

l ) There are a million non-polynomial ways of "completing"

the conventional polynomial version. Which represents physics?
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2 ) Since the methods developed for solving non-polynomial

theories are radically different from those for polynomial

theories - for example they involve analytic continuation

procedures in an essential manner - one would wish to "be sure

that the field theory solutions thus defined do satisfy the

conventional canons of good field theories, like appropriate

analyticity, unitarity, positive-definiteness and Proissart-

boundedness.

In respect of the first problem, i.e. that of discovering the

missing (non-polynomial) physics, which should complete conventional

electrodynamics, we revived in a series .of earlier papers the oonjecture

of Landau, Klein, Pauli, Deser, DeWitt and others ' which suggested

it may be the neglect (of the intrinsic non—polynomiality) of tensor

gravity - and the associated curvature of space-time produced by an

electron or a photon in the space surrounding it - whioh may be the

direct cause of the electron's and photon's self-mass and self-charge

infinities•

In respect of the second problem, an advance has just

recently been made by Lehmann and Pohlmeyer ^ and Taylor who have

shown rigorously that the analytic procedures developed in earlier

papers by Volkov, Filippov, Salam, Strathdee and others '~ ' do indeed

define good field theories, good in the perturbational sense, provided

the associated non-polynomial theory falls into the localizable class,

satisfying the principle of microcausality.

The advance of Lehmann and Pohlmeyer and Taylor is a

major one. Of peculiar relevance to our work is their insistence on

localizability, microcausality and their consequences. In our earlier

papers , foilowing Efimov and Pradkin , we had worked with non-

local izable non-polynomial theories. This had led to a number of

serious shortcomings which were noted in Ref .9. Although we were able

to show by actual computation that, when tensor gravity effects were

properly taken into account, the conventional logarithmically infinite

log 0 I for self-charge and Belf-mass do become realistic-expressions

ally regularized to Cxlog(>c2m2)| where 16m 2 is the Newtonian

-3-
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stant Gj. , there were still a number of problems the computation left

unresolved;

Mathematically;

1) The results were not (electromagnetic) gauge invariant.

2) In obtaining the results, use was made of a Borel summation

of a divergent series - a procedure open to ambiguities.

3) The results were obtained, using a particular choice of the

gravitational field variables - viz. the one which treated the

contravariant field g^v as the fundamental field with the co-

variant field g^v expressed in terms of it. Since field-

theoretic equivalence theorems would seemingly permit either

field being treated as basic, the role of such transformations

was not clear.

Physically;

It was not clear whether it was true tensor gravity which

was responsible for the finite computation of the renormalization

constants or whether it was some sicalar version of it.

It is the purpose of this paper to show that these shortcomings

of the earlier papers are circumvented, provided we work with a local-

iaable, visibly microcausal version of Einstein's gravity theory.

Notwithstanding this change, it turns out that our numerical results to

the order we computed are unaltered.

The plan of the paper is as follows. In Sec.II we discuss local-

izable theories in general and the localizable parametrization of

gravity theory in particular. (Since we shall be dealing in a later section

with spin-is particles, it is necessary, as is well known, to work with

the vierbein formalism of the spin-2 gravity field. We wish to emphas-

ise that for a quantum field theorist it is a mistake to get too in-

volved in the geometry associated with vierbeins or indeed even the

geometry of the metric tensor. All one needs to know is that the

vierbein field is related to the "square root" of the metric tensor

field. Hef .8 may be consulted for further details.) In Sec.Ill a

number of technical points relating to the mathematics of singular
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distributions and their space-time derivatives are discussed

and we formulate a "law" of conservation of derivatives to give a precise

meaning to products of derivatives of singular distributions and to

eliminate tadpoles of the second kind from the theory. In the last sub-

section of Sec. I l l , a model Lagrangian is considered in order to show

the heart of the ideas involved in the detailed calculations of gravity-

modified photon self-energy and electron self-mass presented in Sees. IV and

V, The Appendix describes a very simple calculation which illustrates

the basic ideas behind the quantization of a non-polynomial Lagrangian

field theory.

I I . LOCALIZABLE GRAVITATIONAL FIELD THEORY

A* Localizable theories in general

Consider a non-derivative Lagrangian:

n=0

where the double dots denote normal ordering (i.e., we agree to "re-

normalize" D (x-x) -» lim (- l/x ) to the value zero for n > 0).
x-»0

According to Jaffe's classification, of(oi) defines a localizable

theory, with operators <£($) satisfying the microcausality relation

- 0" " , x 2 < 0 ( 2 - 2 )

provided the spectral function p{y ) associated with the two-point

function increases for large p [I no faster than exp Jjp jj with

iX < i . For a growth like exp | p f g we shall say that the theory

is .just localizable. When (X > 2 the theory is not localizable. To

compute o(p2) for the Heisenberg operator in a Lagrangian theory, one

conventionally uses Becond-order perturbation theory in the major coupling

constant. There is no reason to believe that perturbation theory
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gives the correct high-energy behaviour of />(p ) . These perturbation

estimates, however, typically give for a zero-mass field:

tMW = g : e -1 : looalizability, p * exp || p [j (2.3)

—K i> 2 V
= g : e ~ 1 ; just looalizabili ly p = exp j| p |[ ' (2.4)

= « • -A_ _,
' l+<4 ' ' "on-localizability p x e x D (I -r,2 [I f r> c\

- -— * u y ii . W o ;

In genera l , with ~$.{<j>) given by ( 2 . l ) , the theory i s l oca l i zab le i f

I v ( n ) | < An n0"11 with 0 < cr < i .

Let us l i s t the reasons for preferring, at this stage of the

development of the theory, the class of localizable Lagrangians.

l ) Elimination of Borel ambiguities

The superpropagators

f o r t h e l o c a l i g a b l e and n o n - 1 o c a l i z a b l e t h e o r i e s ( 2 . 3 ) and ( 2 . 5 ) a r e ,

r e s p e c t i v e l y : oo

n=-i

2
= cr

n= i

Notice that '7T.(X) is a" entire function in the (1C
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complex plane, while 3M T ^S a divergent series.
10) "•Jj« o}

Efimov, Fradkin • ' and we ourselves in our, earlier papers worked

with rational normally ordered Lagrangians of the non-localizable

variety and were.faced with the problem of defining the sums of diverg-

ent series like (2.7). We adopted the Borel summation procedure;

this, however, necessarily introduces a souroe of ambiguity. By work-

ing always with localizable theories we avoid this ambiguity completely,

An n-point superpropagator in a theory with the localizable Lagrangian

(2.3) is expressed in the form

( g ) n e x P ( K 2 T D(x. - x )] t ( 2 # 8 )

again an entire function in the D(x. - x.) plane. .

2) Distribution-theoretic ambiguities

Both localizable and non-localizable theories suffer from one

further set of ambiguities. These are the distribution-theoretic

ambiguities met with in the definition of the time-ordered produot of

field-operators. Specifically

<T : <Ax) : .: *n(0) :> (2.9)

equals ni(D(x))n with ambiguities up to terms of the type

•ft

\ 2 r 2 (2.10)

(There is no ambiguity in the Wightman product (: $ (x) : : (f> (0) ;) ;

i t is the lack of precise definition.of the time-ordered product at

xu • 0 which introduces this ambiguity in all field theories.)

Now Lehmann and Pohlmeyer ^ ' show that these particular ambiguities

can be turned into a positive virtue so far as certain localizable non-

polynomial field theories are concerned, marking them out as superior

not only to non-localizable theories but also to the conventional poly-

nomial ones. This is beoause one can sharply distinguish between terms
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like (2.6) and (2.7) and the ambiguous terms (2.10) in a distribution-

theoretic sense* Their first remark is that localizability implies a

restriction on "b 's in (2.10) such that the function b z is

entire of order m < i . Seoondly, in Fourier space one can verify that

?T(p) , for example, in (2.6) falls to zero along some direction in the

complex p -plane for large |[ p |j . There is,however, no direction

along whioh the ambiguity terms (2.10) can fall. This is guaranteed by the

fact that (2*10) must be of order less than' g- for the locali sable case. However,

no such distinction can be made between L in (2,7) and the cor-

responding ambiguous terms. Lehmann and Pohlmeyer thus define a class

of minimally singular superpropagators whioh are ambiguity free for

localizable theories. This class coincides with the class previously

considered by Volkov, Filippov and other authors. Using this, Lehmann

and Pohlraeyer show that the theory thus obtained possesses conventional

analyticity and unitarity properties to a.11 orders in the major coupling

constant, g . The same result has been independently established by

Taylor * Their proofs can be extended to establish positive-

definiteness also.

3) Froisaart boundedness

Glaser, Martin and Epstein f in a fundamental paper, have

shown rigorously that mass-shell S-matrix elements for two-particle

scattering in localizable theories must possess Froissart boundedness

at high energies. There is no such result known for non—localizable

theories, (This aspect of the superiority of localizable theories

may, however, be illusory* This is because the Volkov-Lehmann minimal-

ly singular perturbation expansion in the major constant does not

exhibit this behaviour if any single term in this expansion is con-

sidered. Presumably one must sum chains of supergraphs - as one does

for polynomial Lagrangian theories if one wishes to exhibit Eegge or

eikonal high-energy behaviour - a behaviour not characteristic of

individual graphs. It is conceivable that the same treatment may

yield Froissart-bounded high-energy behaviour for both localizable and

non-localizable theories.)
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4) Equivalence transformations of field, variables

For the purposes of this paper, the most important basis of the

superiority of localizable over non-1ocalizable theories lies (together

with the elimination of Borel and other distribution—theoretic ambiguities)

in the circumstance that for these theories we can make field transform-

ations at will. Eirice localizable theories are microcausal, and micro-

causality is the basis of Borchers' theory of equivalence classes, we

shall take over Borchers1 results and assert that those field transform-

ations which transform one localizable theory into another do respect the

equivalence theorems regarding the equality of mass-shell S-matrix elements.

In the rest of thie paper -we shall freely make such field trans-

formations and, as we shall see, this will assist us greatly in the

discussion of electromagnetic gauge invariance.

To summarize, localizable theories are superior to non-1ocalizable

theories for five reasons;

a) There are no problems of Borel ambiguities for the former.

b) The remaining distribution-theoretic ambiguities can be eliminated

using the Lehmann-Pohlmeyer minimality ansatg which holds only for non-

polynomial, localizable theories.

c) The Glaser-Epstein-Martin theorem assures Proissart-boundedness of

localizable theories.

d) "We can make field transformations at -will and expect that on—shell

S—matrix elements will remain unaltered.

e ) The Lehmann-Pohlmeyer and Taylor proof of appropriate unitarity and

analyticity is available for localizable theories.

. One may close this section with two remarks!

1) Localizability implies only microcausality of the theory. Whether i t

corresponds to the macrocausal behaviour of field theories is an unresolved

problem.

2) As was emphasised in Ref. 12, Section D, a rational Lagrangian-like

is non-localizable only when nonnaly ordered, i . e . , when 2(0 ) =

^ is renormalized to the finite value zero. If D(0) is re-l j m

normalized to a finite value, all rational Lagrangians can be shown to fall

into the juBt-localizable class. In this paper we shall always normal order.

This may well be the real source of the paradoxes which arise when one is

considering problems of equivalence of Lagrangians under field transformations
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