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ABSTRACT

It is known that the spontaneous violation of a gauge symmetry of the
second kind results in the appearance not of Goldstone bosons but, rather, of
massive gauge particles. The path-integral quantization of such theories is dis-
cussed here 1in general terms. The primary consideration is that gquantities
of physical significance, such ss matrix elements of the scattering operator
or the energy momentum tensor, should be independent of the gauge in which
the quantization rules are formulated. In particular, if it is possible to
find one gauge in which the theory is unitary and another in which it is re-
normalizable then the gauge-independent quantities must enjoy both these
qualities. These ideas are applied to a simple model with massive Yang-Mills
fields and to a model which unifies the weak and electromagnetic interactions
of electron-type leptons. Both these mddels appear to be unitary and re-
normalizable. The lepton theory is a relatively economical one. It in-
volves five independent parameters: the electron charge and mass, the mass
of the charged intermediate vector boson, and the masses of a neutral scslar

and a neutral vector boson.
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- T, INTRODUCTION

One of the major achievements of the last two decades in particle
physics has been the discovery of the internal (ihcluding chiral) symmetries
of hadrens and leptons. Most symmetries are only spproximate however and,
no matter how much one mey disguise it, the concept of broken symmetry is‘un-
aesthetic. Fortunately, the aesthetic balance is to some extent restored by
the notion that symmetry breaking may be spontaneous l). In this view, the
universal Lagrangian is supposed to be fully symmetric while the apparent
-lack of symmetry in the solutions of the equations of motion is ascribed to
degeneracf in the physical ground state or, equivalently, to the existence of
certain fields in the theory whose ground state expectation values do not

vanish when calculated self-consistently.

It is well known that the straightforward implementation of this appeal-
ing ides leads toc the appearance of massless, scalar, Goldstone excitations 2).
Such unwented particles Fill not arise, however, if the underlying lagrangian
symmetry is a gauge symmetry of the second kind. it has been shown by Higgs3)
and Kibble that the spontaneous symmetry viclation is manifested not in the
appearance of massless particles but rather in the acquiring of finite mass

by the gauge fields.

Massive vector particles are clearly more acceptable than massless
scalars in any model which claims to be realistic. Another reason for favour-
ing the models with gauge symmetries of the second kind is that, in many cases,
they can be shown to be renormalizable in the conventional sense 5). This is
in spite of the presence of massive vector particles. Perhaps, in view of
the existence of finite, ﬁon-polynomial lagrangian theories, renormalizability
in the conventional sense is not a criterion which should be decisive in
selecting or rejecting Lﬁgrangians. However, conventionally renormalizable
Lagrangians still score on one point. The perturbation expansion in each
order of the (major) coupling constant is Froissart-bounded. This does not-
happen with non-polyncmial Lagrangians although one may possibly'achieve it
for physical S-matrix elements after a summation over the major coupling

constant.

6
In this paper, following the recent stimulating work of t'Hooft )

we examine this problem of renormalizability in the case of a gauge theory of
lepton interactionsT)’B)
gauge fields. Three of these (with charges +1, -1 and 0) acquire mass through
the spontanecus breakdown of U(2) to U(1). They are supposed to mediate the

. The underlying symmetry U(2) is associated with four
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weak interactions. The remaining (massless) field is associated with the
unbroken symmetry U(1) and is identified with the electromagnetic field. The
spontaneous symmetry breskdown serves also to give mass to the charged

leptons 9). This model contains, in addition to the gauge fields and the
lepton fields, a doublet of scalar flelds whose interactions are set in a

form which favours the emergence of s symmetry-bresking solution. The doublet
comprigses a charged field and a complex neutral field, and the symmetiry break-
ing finds expression in the non-vanishing vacuum expectation value of the
neutral component. It turns out that only one massive scalar particle is

assoclated with the doublet of fields. The other components, the Goldstone

bosons, are gauge effects which can be transformed awsy.

The decisive new factor which permits us to discuss renormalizability
in this model is the.existence of s clear and unambiguous technique for guant-
izing gauge theories. Now, the view has been often expressed in the past
that gauge theories should be renormalizable and that the wesk interactions
in particular should be governed by a gauge principle. However, attempts to
realize this idea always faltered over the problem of giving mass to the gauge
particles - a clearly essential festure of any realistic theory. It was con-
Jectured 5) that mass generation by the Higgs-Kibble mechanism would not in-
terfere with renormalizability but the quantization programme could not be
formulated with precision. The missing element has now become available in
the work of Faddeev and Popov lO)' It is now possible to quantize in a wide
variety of gauges and, what is more, to state rules for transforming Green's
functions from one gauge to another. In effect, we have an equivalence

theoren.

It will turn out, in the examples to be discussed, that different gauges
present various asdvantages in that some property may be apparent in one gauge
but not in another. In particular the (formal) unitarity of the physical S-
matrix is evident in what we shall call the canonical gauge while its re-
normelizability is made clear in another, the Landau gauge. If we fully
accept the gauge independence of the S-matrix, however, it must be that
appearances are deceptive. The S-matrix of this theory must be both unitary

and renormalizable.

The paper is planned as follows. In Sec.Il we review the Faddeev-Popov
quantization technique and present a formal derivation - by means of Feynman

path~integrals -~ of the basic equivalence theorem for gauge theories. Here




we discuss briefly the distinetion 5etween geuge symmetries of the first

and second kind in order to indicate that the spontaneous breskdown of the
former does not interfere with the operation of the basic theorem. An il-
lustration of the method is given in Sec.III where a massive Yang-Mills theory
is treated. This example will serve, we hope, to make very clear the dis-
tinction between first- and second-kind symmetries since, in spite of the
spontaneous breskdown which generates mass, there remains a conserved isospin
in the theory. It is shown also in Sec.III that the Faddeev-Popov technigue
coincides with the traditional method of cancnical quantization in a suitably
chosen gauge. One curious feature of the model is the sppearance of a non-
polynomial term in the Hamiltonian. The proposed gauge theory of lepton in-
teractions is discussed in some detail in Sec.IV {while the detailed expres-
sion for the Lagrangian is given in Appendix I). It will be emphasised that
a correct choice of independent parameters must be made in order that finite
categories of graphs should be gauge independent. Sec.V is devoted to con-
c¢luding remarks and speculations coﬁcerning the lepton model and possibilities
for making it less arbitrary by means of self-consistent techniques for com-
puting some of the coupling parameters. Appendix IT is devoted to the de~-
rivation of Ward-Taekahashi identities.



IT. THE FADDEEV-POPOV TECHNIQUE

A general way to quantize theories with & gauge symmetry has emerged
only in recent years with the work of Faddeev and Popovlo. The old methods -
for example the Gupta=-Bleuler method - are valid for the abelian symmetry of
electrodynamics provided a linear gauge condition is adopted. They faill,
however, to cope with non-linear gauge conditions (such as Nambu's, Aﬁ =
constant) or with any of the non~-abelian gauge symnetries. In this section
vwe shall recapitulate the new method and discuss some of its more important
features including particularly the insight which it gives into questions of

gauge dependence in quantized amplitudes.

To pose the general problem, suppose we are asked to quantize a system
of fields ¢ whose classical equations of motion are governed by the action
functional

’5i(¢) = [ ax L(9) . (2.1)

If the classical Euler-Lagrange eguations are not underdetermined, i.e., if a
unique solution corresponds to the initial data, then the general solution for

the quantized asmplitudes can be represented by the Feynman path-integral

(T F(8)) = | (a0) F(o) explE A (8)] (2.2)
h X

where the functional F(¢} mey, for example, take the form of a simple
product,

F($) = ¢(xl) ¢(x2) s ¢(xn) ‘ {2.3)

in which case (2.2) gives the Green's functions. The S-matrix, on the other

hand, is obtained by substituting
F(¢) = : exp [ dx dy ¢in(x) 2”2 p"Hx—y) o(y) : (2.1)

where D{x-y) denotes the renormalized free propagator.

The general solution (2.2) is not appropriate for theories with a gauge
symmetry of the second kind. Suppose we have a (pseudo) group of transform-

ations

Q

Qlx) : ¢+ ¢ (2.5)

which leave the action, ,831 y invarisant. In such cases the Euler-Lagrsnge

./
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equations are underdetermined. In order to obtain a unique classical

solution from given initial data it is necessary to impose & gauge condition,
i.e. a supplementary set of equations (whose number coincides with the number
of group parameters )

h{¢) =0 . - (2.6)

Such conditions can always be obtained, along with the original (and deficient)
BEuler-Lagrange equations, by varying a suitably modified action functional.

It has not been usual to follow this course in classical work because it
complicates the equations a good deal and offers no compensating advantage.
However, for the quantized case it is essential. This is because the quant-
ization programme demands - for its internal consistency - that the complete
set of equations of motion be derivable from an action principle. This is
true both of the standard canonical quantization procedure and of fhe Feynman
path-integral procedure. Fortunately, a general method for determining the

supplementary terms in the action has been given by Faddeev and Popov.
The procedure is as follows. To the originsl, invariant part of the

sction add a supplementary, non-invariant piece Aﬁl to define the total

._/5 = Ay ,Xh . (2.7)

The supplementary action, which serves to fix the gauge, must satisfy two

action

conditions:
a) itmust break all the second-kind gauge symmetries;

b) it must obey the normalization condition

1 =J (a8) expl}-—l Xh(q;“)] , (2.8)

which we shall call the Faddeev-Popov (F-P) constraint. The path-integral
(2.8) is supposed to extend over those elements Q(x) of the pseudogroup
which vanish asymptotically. The measure (dQ) = T;fdfz(x) is supposed to

be a group invariant. Finally, the F-P constraint must be satisfied
identically in ¢ .

To construct a supplementary action which satisfies the requirements

a) and b) is straightforward. If we write 4. as the sum of two pieces,

h

S0 = Ay +v o) (2.9)

—5u




where dAh is freely chosen and non-invariant - so as to meet the requirement
a) - &nd Wh(¢) is invariant, then we can satisfy the requirement b) by re-

writing it in the form
exp[- %—Wh(¢)]= J (af) e@[;—d‘l“h(cbg)} (2.10)

which now serves as the definition of Wh . The group invariance of this

integral assures the invariance of Wh .

A pseudeodynamical interpretation can be given to W,_ by observing

that the path~integral (2.10) represents s "transition amp?itude", viz. the
fi-vacuum transition amplitude. That is, if we regard f(x) as a quantized
field whose classical equations of motion are governed by the "action”

dah(¢ﬂ) » Which includes the effects of perturbing external fields ¢ , then
the right-hand side of (2.10) is precisely the Feynman representation of the
vacuum amplitude,. If we represent this amplitude by graphs with virtual
fl-lines then the funectional (-ifﬁ)Wh(¢) is represented by the subset of
connected graphs, It is sometimes convenient, therefore, to think of (x)
as a "fictitious" field whose Green's functions represent the propagation of
fictitious particles. For the computation of physieal ¢-amplitudes, however,
we need to include only the Q-vacuum amplitudes. In performing suchk com-
putations it is necessary to take account of one rather subtle point. That
is, since the connected part of the {i-vacuum amplitude represents the function-
al (—i/ﬁ)Wh(¢); whereas what one needs for the total action is (+ifﬁ)Wh(¢) s
one must multiply the amplitude corresponding to asny given graph - containing
both i~ and ¢~lines - by (-)N, vhere N denotes the number of fl-connected

pieces in it.

The significance of the requirement a) is clear: it serves to render
the Euler-Lagrange equations well determined. Requirement b) is less
transparent, Its true significance is revealed only when we try to trans-
form a quantized amplitude (a Green's function, say) from one gauge to another.
The transformation rule between two gauges - characterized by the supplement-

ary actions Aﬁh and ,£h ,» respectively - is obtained as follows.
1 2
Consider the path-integral

f (a9)(an) F(¢) exp[;—[,ﬁim + 8 0+ & (¢9)ﬂ : (2.11)
1 2




If we perform the integral over £(x) keeping ¢(x) fixed,then, according
to the F-P constraint (2.8), we are left with the expression

(

[cae) o) exp[,}l—[ Ao +4, (¢)]] - <T@, (2.12)
1

1

which is Just the quantized amplitude in the first gauge. Alternatively,

we could have integrated first over ¢{x) keeping 9(x) fixed. In this
case we can first make a change of variable in the ¢-integrstion, viz.

P> ' = ¢Q . If the measure (d4¢) is gauge invariant - which we shall
always require -~ then, since ‘€EE(¢) is also invariant, the integral (2.11)
tekes the form

[ o e ete em[g[ LNORP MORP N (¢“))]
1

- [ (@) <o et exp[% ' (¢“)]>h
1 2 '
(2.13)
(after removing the primes and replacing 2% with ). On comparing
the expressions (2.12) and (2.13) we find the basic transformation rule,

<caren, = | @ <) emfy 4, N>, (2.14)
1 1

and, similarly, its converse

{T F(¢)>h = J (aR) <7 F(¢n) exp[% /gh (¢Q)]> N (2.141)
2 2 1

Thus, one sees that in general the gauge dependence of Green's functions is
quite complicated. However, a great simplification occurs - and this is

the real justification of the F-P constraint - when the rules (2.14) and (2.1h4'")
are applied to functionals F(¢) which are gauge invariant in the classical

sense. The classical invariance
Q .
F(¢™°) = F(¢) (2.15)
implies the quantum gsuge indepepnd »

<TF(9)>, = <7 F(¢) 7y, (2.16)
1 2

=T~




as can be seen by taking the {-integration in (2.14) inside the T-~bracket and
using the F-P constraint. Since the functional (2.14) which defines the
physical S-matrix is invariant in the sense (2.15), it follows that the S-matrix

is gauge independent. Thus we have the fundamental egquivalence theorem of

gauge theories:

Those quantized amplitudes which go over in the classical correspond-

ence limit to gauge-invariant functionals are themselves independent of the

gauge in which quantization is carried out.

Of course we have not "proved" this theorem since the arguments given
above are only formal. There remains the important task of showing that
these manipulations with ill-defined (because ultraviolet divergent) path-
integrals can be justified through regularization and the incorporation of
counterterms. Such justification will no doubt prove very arduous. However,
we believe that the great formal simplicity of the arguments used here must
signify their fundamental correciness.

The discovery that the "gauge-compensating term" Wh must be included
in the action was made by Feynmanll). His approach differs from that of
Faddeev and Popov in being based on the requirement that the S-matrix should
be unitary while the latter authors require that it should be gauge independ-
ent. It is possible to show, however, that the method of Faddeev and Popov
elso defines a unitary S-matrix and so is, at least to that extent, equivalent
to Feynman's. To demonstrate this one need oniy find a gauge in which the
F-P quantization prescription reduces to the standard canonical quantization.
An example of this will be discussed in the next section where, in the so-
called “canonical gauge",the compensating term is precisely cancelled when
the path-integral is put into canonical form. That is, in the canonical

gauge one can write

J (a9) F(¢) exp'ig (/fi+ Aca.n * Wcan}

I (dp ar) F(¢) exp{% J dx {n¢ - H}]

where H = H(¢,7) denotes the classical hamiltonian density: it does not

<T F(¢) > can

(2.17)

depend on A end contains no remnant of the fictitious particle structure.
How, since the S-matrix is gauge independent when computed by the F-P method,
it must coincide with the canonical S-matrix and therefore be, at least

formally, unitary.
8-
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The canonical action functional is distinguished by its lack of N~
dependence. In general the total action contains non-classical terms, in
W. , which reflect the fictitious particle structure. An expansion in powers

h

of Planck's constant, ,
oo

L
W (6) = Z'ﬁ W(6) . (2.18)

I=0

singles out the parts Wi which are represented by fictitious particle
vacuum graphs with L loops. The gauges to be used in the following sec-
tions are rather special in that only one-loop graphs contribute, i.e.

Wh VY4 . For these gauges Wh can he given in closed form: it is related
to & functional determinant. This simplicity is & feature of Landau-type
gauges where the classical gauge condition h{¢) = 0 is incorporated in the

action by means of Lagrange multipliers. Explicitly,

exp[%- Ahw)] ] (ac) exp[;ﬁi-j ax Ch(tb)]

§(n(¢)) .

In this way the quantized fields are constrained to satisfy the condition

h(¢) = 0 . In Fermi-type gauges, vhere
A = I ax 2(n(¢))?

it is possible to show that all values L 2 1 are present in (2.18). One
can also invent gauges where all values L 2 0 contribute so that even the
classical'part of the action is modified. Finally, one can sometimes find
12)

a gauge in which Wh vanishes identically

'In deriving the transformation rule (2.14) an essential requirement
was the invariance of the path-integral over ¢ with respect to those gauge
transformations Q : ¢ » ¢n which enter the normalization condition (2.8).
Not only the measure (d$) but also the domain itself must be invariant.
Now, if a symmetry is spontaneously broken one expects this to be reflected
in & lack of domain invariance. This is certainly the case with non-linear
realizations of chiral symmetry where both the action functional and the
measure are invariant. One can see that the spontaneous violation of chiral

symmetry is associsted with a conflict between the chiral transformation law,

9=







