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I. INTRODUCTION

Julian Schwinger has just given us a brilliant exposition of the
renormalization ideas associated with his, Tomonaga's and Dyson's name,

My task is to take the story up from the exciting days of 1949 to the
present,

As Schwinger has reminded us, even though renormalization and
infinities are logically distinct, it was the persistent infinities
encountered in field theories which brought the nécéssity of renormalization
of mass and charge to the fore, The infinities arise mathématically from

undefined products of distributions like
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when x > O, These undefined products are éncountéred when wé solve a sét
of quantum field equations using a perturbation expansion. The first
question which arises is this:

Are the infinities ~ or equivalently the undefined products ~ a consequence

of the bad mathematics of a perturbation expansion? Would they appear even

in exact solutions of field equations? In this latter event, is it the type
of Lagrangian we are using which is at fault? And if the Lagrangian is to

be modified in some essential manner, is there some missing physics which

when supplied would circumvent the appearance of the infinities?

A suggestive answer to those questions has been given by Glimm ad Jaffe
in a series of brilliant papers published between 1969 and 1972.  These
authors have solved Yukawa—-like field theories with the Lagrangians,
¢f L ¢4 and ﬁ(x)w(x)¢(x) without using a perturbation expansion, in a space
of two-space and one-time dimensions. The infinities (expected from naive
perturbation theory) duly make their appearance in the exact solutionsalso.

If one may extrapolate from three to four dimensions of space and time, it is

not the perturbation expansion that is at fault. One needs to alter basically
the type of Lagrangian one has been using in physics. One would still like
the new Lagrangian$ o to be-"loﬁgégvgg the technical sense, in(order to
preserve causality and unitarity. Aas‘I’will show later, it is in determining
the correct local modification to the types of_Lagrangian we have been using

that some of the ﬁhysics we have been missing out = the Physics of quantum




gravity - which will serve as a guide, Before T proceed, let me

summarise what Schwinger has told us,

(1) Consider the class of Lagranglans which have the 51mp1e form of
polynomials in field variables. These are of the type:

A S S A5 X IR CO PR

Why we should ever restrict to the polynomlal class of Lagrangians is
not clear, but this is an assumption we have 1nher1ted from the history
of the subject.

(2) Compute the écatteringwmatrix elements in a pérturbation expansion,
using standard Feynman rules.

(3) There is among this class of Lagrangians a small subset which we call

renormalizable, with the property that only a limited few of the

S-matrix elements for these theories are intrinsically infinite.

This small sub-class of Lagrangians includés ¢3, ¢“, Yukawa -$¢¢

and the Maxwell-Dirac Lagrangian ZﬁX}q'Aﬂ . A theory is
ron-renormalizable if the class of matrix elements which are infinite

’

is itself limitless.

(4) For the renormalizable class of Lagranglans we have the famous Dyson

theorem on the p0551b1e types of infinities which can occur. The
theorem states that for the Maxwell-Dirac Lagrangian only two matrix
elements are infinite. These correspond to the self-mass ém and
self-charge 8e of the electron.

(5) Explicitly Dyson's theorem may be stated thus:

Write the Maxwell-Dirac Lagrangian in the form:-
FY3y+ mPe + & Fhyhn

Here m  and e, are the so-called "bare" constants of mass and charge.

(6) Compute the self-mass and self-charge 6ém & de.
Both turn out to be (logarithmically) infinite - i,e. have the form

of undefined integrals j’dﬁ; de .
Xt X

(7) Dyson's renormalization theorem states that if we replace comsistently
in the computation of all other matrix elements bare mass m and bare
charge e, by the'physical mass m and physical charge e

where

mo= mo+ ém

e = e + de
then all infinities in the theory are completely absorbed (renormalized)
in these redefinitions. The amazing thing is that this renormalized
theory agrees spectacularly with experiment. As Lamb and Telegdi will

tell you,one measure of this agreement is the comparison of the anomalous

-“? w




magnetic moment 5—%—3 for the electron with theory.

Experiment (g - Z)e_'* .001169644(7)
Theory (g - Z)e = ,001169642
The agreement of 1 part in 10° is a quantitative agreement unmatched
anywhere else in Physics - except possibly in the Ebdtvés-Dicke experiment.
Apart from a rather heuristic treatment of what are called overlapping
infinities, Dyson's work was (almost) compléte for quantum electredynamics.
For other theories it left open two probléms, which will form the subject
of my talk today.
Problem 1
Which theories are renormalizable?
Problem 2 _
What modification in thé theory (missing thysics) is néeded to compute

6m and Se finitely? I shall call this second problem the Lorentz problem

because Lorentz was the first person to attack the problem of the computation

of electron’s self-mass &m in the classical theory.

One must emphasise that so long as one dealt with pure quantum electro-
dynamics, one could hide behind the inaccessibility of 6m to experiment and
therefore consider the Lorentz problem to bé a pséudo_problem. It is only m -
the physical mass-that experiment can determiné. Theré is no way of measuring
-~ within pure quantum electrodynamics - the bare mass L However, going
beyond electrodynamics in a higher symmetry theory where,for example, the
electron and the electronic neutrino form a doublet, we do know the bare mass
of the electron. It must -equal {from symmetry consideraﬁions)the bare mass

of the neutrino (mo) = o, The Lorentz problem — the finite computation of

dm (and Se) - must be solved in a complete theory of particles. One half of

my talk will be devoted to indicating what I consider a natural solution to the

Lorentz problem. I shall suggest that Maxwell-Dirac theory is incomplete in an

egsential tganggg, 1 shall suggest that if one considers the complete

theory of photons, electrons and quantum gravitons, both &m and §e turn out
to be finite and of the correct order of magnitude,
TII. THE CLASS OF RENORMALIZABLE THEORIES

For the second development I wish to highlight, we consider an extension
to the class of Tenormalizable theories, recently discovered. This promises
to give us a lot of new physics. But before we consider this extension, let
us look at the situation as it obtained before these recent developments.
Throughout we shall concentrate on fermions of spin~} interacting with mesons.
The fermions include electrons (é), muons (u), and the neutrino; the octet

of nucleons (N), and the triplet of gquarks (q) . . For mesons
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we shall consider multiplets of spin-zero (e.g. the nonet containing m, kK, n)
of spin-1 (with p, K* ¢, w particles) &nd spin-2 (nonet containing

A2, sve, £, £'). Let these particles interact th?ough rolyncomial three-field,
and wherever necessary SU(B)wsymmetric,Yukawa—like interactions.

The problém of which among thésé theoriés are renormalizable was
solved early during 1950 - 1951 (salem and Ward), following Dyson's method.
This proof of renormallzabllity was sharpened and made mathematically more
rigorous by Boguliubov, Parasuik, Hepp and Speer during the last decade.
(During the last year a beautiful method of regularization has been developed
by 't Hooft and Veltman st Utrecht, Bollini and Gilambiagi in the Argentine,
and Ashmore in Trieste. I shall, however, not speak about these somewhat

technical developments.)

The following teble summarises the situation of meson~fermion Yukawa-

type interactions, so far as developments up to 1967 are concerned.

TABLE I
: Electro- !
Force Gravity Weak dynamics Strong i
Coupling o m2n 107 | 6 o2~ 1070 e? =g = 2,1
parameters N e™ = F By < L 137 g =
Meson spin ‘ SU(3) octet
‘ _ Ty Ky N
d =20 R
+
W Y SU(3) gctet
P, Ky ¢
R if mesons
J =1 NR R massless
NR if mesons
massive j
!
Graviton Su{3) octet
%%
A2, £, K
J =2 NR R

R stands 1or a renormalizeble theory; NR 1is non-renormalizable.

“he most interesting entry in this table is the Yang-Mills gauge theory
of spin-one nonet (for example, the nonet of {p, K*, ¢, w) interacting with
the octet of physical nucleons (N, I, A, Z}). Yang and Mills argued that in
analogy with the case of the photon for zerdo-mass gauge particles the theory
is likely to be rencrmalizable. Now the nonet of the physical particles
(p, K*,¢, w) consists of massive particles. One could demonstrate that
for arbitrary mass values and arbitrary coupling of these particles to
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nucleons, the theory is non-renormalizable.

This was the situation up to around 1967. The new developments about

which I shall speak in the second part of the talk concern the renormaliz-
ability of the massgive gaugé»meson theoriés. As I said before, previous to
the new developments one had considered arbitrary masses and arbitrary
couplings for the gauge particles. Providéd that these masses and the
couplings are related in a spécific manner, through a set of eigenvalue:

equations, the gauge theories appear to be renormalizable. Among the

spectactilar special results is the one which states that in order to achieve

the renormalizability of weak interactions, weak and electromagnetic inter-

actions must unite as aspects of the same internal symmetry structure.

Further,{there must exist new heavy leptons or the in)tema_l(SJSmmetry

_ or SU(3) x SU(3
group of strong interactions must be extended to SU(A)Arather than  SU(3)

And all this to secure renormalizability!  Surely this must be one of the very

rare occasions when a seemingly mathematical criterion (like renormalizability)

appears to be leading to new and exciting Physics.

_III, THE LORENTZ PROBLEM

Of these two developments, consider the solution of the Lorentz Iroblem
first., I wish to show that whereas Maxwell-Dirac theory of the electron is
no more than renormalizable, the Maxwell-Dirac-Einstein theory is actually
finite. The conjecture that this may indeed be the case was made long ago
by Klein,Landau, Pauli, Deser, Deditt and others. Recently Strathdee,
Isham and Salam have shown that the conjecture is correct provided - and this

is important - quantum gravitational effects are treated non—perturbatively.

Gravity is distinguished among other forces of nature by its universality,
by its small coupling (GN mezhx 10" %% to be compared to %é e =-T%7) and
finally by the fact that it is described by an incredibly beautiful Lagrangian.

For my purposes, the feaﬁure which distinguishes this Lagrangian from
all others discussed so far, is ils essential non-polynomiality . Before 1
demonstrate the non-polynomiality of gravity, let me say a few words about
non-polynomial Lagrangians in general. A polynomial Lagrangian like
¢¢Tx) describes the point-interaction of four (-particles at one given space-

¢ $

time point

A non-polynomial Lagrangian like
(0]
n,
T ent ()
nz3
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describes a whole set of terms, with arbitrarity large numbers of

G-particles being created and annihilated at the same space-iime point.

With certain further restrictions which I will not state, such Lagrangians can
be as local (and causal) in a technical sense as the polynomial Lagrangians
themselves; L = g e k. is an example of a local non-polynomial Lagrangian.
The theory of such Lagrangians was developed mainly in the USSR by Efimov,
Fradkin, Volkov and others during 1963, with further developments being made
by Strathdee, Delbourgo and Salam in Trieste (1969), Lee and Zumino at CIRY
(1969) , Lehmann and Pohlmeyer in Hamburg (1970) , J.G. faylor in
Southampton (1970) and recently by Honerkamp at CERN (1972).

. +/+) +\f/*><*“”
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Now Einstein's gravitational Lagrangian, though often deceptively .
written in a polynomial form, is really non—polynomial « it is an infinite
series in the field variable.,. I shall write it in a form disgussed
by Isham, Strathdee and Salam)which uses a Dirac y-basis, to exhibit its

elegant structure,
RS 3
4 UL (3B - 2B ri (B Bi]).
I LTt U S Su S S

Einstein = A
(- bt & L7L7)

T L (uribariah) Y+ mob?
-, VIR

(,_ia,t Te. L =)

Einstein-Dirac =

Tl A

Here ab

are the sixteen vierbein fields ; B,~ = BP Q;L is the affine-
connection (which,as a consequence of the equations of motion following
from the Lagrangian, can be shown to be proportional to the derivative of the
vierbein fields U?m'). The familiar Einstéin metric field Hv is
given by Tr. Rl A ("tr." stands for thé Dirac-matrix trace), The

form above emphasises the SL{2,C) gauge-invariance of the theory.

-6 -



One further remark hefore the theory can be used to describe quantum
gravitons and their scatterlng. For the Feynman quantisation procedure
(for example) to apply it is essential that the field L (or equivalently
the field %Pv ) should exhibit asymptotic flatmess, and the theory should
be set up in a world with the Minkowskim background. This, together with
the localisability condi;ion on the field theory, can be shown to imply that
L

one must parametrise in the form: °

L T

P(b . .
where ¥ are ten 4 x 4 symmetric matrices, Kis the square root of the

\/GN‘M61 ot

Newtonian constant

and ¢ is the physical field descr1b1ng the creation and annihilation of
gravitons. Note that the above expression for ljt ( 7 R ?F - )

implies that (Um> s in accordance with our demand for
asymptotic flatness. .

We are now ready to exhibit the infinity ~suppressing effects of
quantum gravity on the Maxwell~Dirac Lagrangian. Suppressing the tensor
indices, the non-polynomial character of Maxwell-Dirac-Einstein Lagrangian
is exhibited by the factor L:;

in the numerator of the Dirac~Maxwell term. In its
6K¢)

essentials then, L. . has the form a (e‘é) J while

Einstein
Maxwell-Dlrac-Elnsteln = &, ﬂ*PK¢> WaPWAﬂ ' The non-polynomiality
of this Lagrangian implies that in addition to the direct electron—photon
interaction at a space-time - point x, the theory describes the emission and
absorption of millions and trillions of gravitoas through terms likeiﬁk¢ﬁ
in the exponential factor exp(ﬁé). it is thisnatmospheréfof virtual gravitoms,
into which the theory immerses elect;ons and photons, which is the decisive
element in the infinity suppression. Before we go on, one remark about the
quantisation procedure we have adopted, Professional relativists - some of
the most illustrious of them are present here today - feel somewhat embarrassed
about Feynman quantisation, They suspect that,starting with the smooth
boundary condition Lf“.fq”“ ; one has unduly restricted.;he theory
and the type of space~time manifold in which oné can operate, For example,

they would feel that one would never, in this manner, operate in a Schwarzschild

space~time manifold with its characteristic singularities.

-7 -




My personal feeling is that the professional relativist ignores two

important insights from the particle physicist's experience. These are:

(1) The power of the analytic continuation method.

(2) The possibility of Tenormalizing the bare Minkowskian metric

. . \Y .
qﬁt to the physical metric gP - 50 beautifully demonstrated
in Thirring's classic paper through the inevitable renormalizat.on

in general relativity of lengths and time intervals.

I am labouring this point because one of the aims of this meeting is
to bring closer together the general relativist's and particle-theorists
points of view. To exhibit the power of analytic continuation techniques
of the particle physicist, consider the following problem. Reconstruct
the exact Schwarzschild solution around a source-singularity, starting with
quantised theory of gravitons of Feynman. In graphical térms, consider all

(tree) graphs of the following variety:

W:“ shakc sounce + >W<

Teat Parndicle

Senney
Syunlt
My Sewace +
-+ SeUNLL T
/ ) X Seurnts '
Solinde

In the static limit, the first graph gives a contribution proportional to

St

Se-ille

E%EN where M is the mass of the static source,
In the n:uxt approximation the graphs contribute + (ZMG)2 armd so on.

The challenge - and I took a bet on this last year wifh Carter and
Penrose ~- is this, Can we take the exact series with all graphs of the
above variety - with millions and trillions of gravitons exchanged -
sum the series, continue the sum beyond its radius of convergence AND recover
the exact Schwarzschild solution, manifesting all its customary space-time
singularities. If we succeed, we would have recovered the singular
Sehwarzschild manifold, though we started our quantisation procedure with
a non-singular Minkowskian one. For the particle physicist, the gsituation
is very familiar. It is similar to summing perturbation graphs for
scattering to give the Bethe-Salpeter equation and then using the equation
(by continuing in the energy variable) to get bound states.

The relativistic prohlem was considered by M. Duff for his Ph.D.thesis
at Imperial College last year, And Duff has shown that the analytic continuation




technique does indeed work, Starting with Feynman's quantisation built onto

a non-singular Minkowskian menifold, one can indeed recover the Schwarzschild

singular manifold, provided that the contribution of all gravitons is taken

inte account in the calculation and no ay_proxlmatlon made. Our quantisation

procedure starting with the "bare" Minkowskian metric ensuresthat all metrics.
with asymptotic flatness will emérge after appropriate analytic continuations,
Let us now turn back to thé Lorentz problem of computing ém and e,
taking into account the relevant contributions of the sea of gravitoms in |
which the theory (and Ihysics) places electrons and photons.
As I said earlier, all infinities in field ﬁleory come about as a
"result of the consonance of singularities of pronagatnrs like (- %2) at x = 0,

In the conventional Maxwell-Dirac theory with its Lagrangian

-8
e, ‘?KPL{’AV the photo:t propagator (A/u Av } equals W/xz. .
the electron propagator ( ¢¥ ) equals ‘ni‘ + ”-‘;’(5; © 4 terms which

are less singular, while the contribution of the second-order graph

{(where an electron emits and reabsorbs a

photon) is essentially given by:

il

9,

5»'-"‘

tharsfore '8“\? o e". ?*‘1) .

' Thls mtegral is loganthmlcally infinite at the lower limit of mtegratlon

(at small dlstances X = 0 or from the uncertamty relat:.on for large energles)

Consxder now what. happens when the quantum ocean of gravxtons is taken

mto account. _[_
' ! : n oAy
B Smce (6} t{)) = "',j;.__a o (c{) ¢ >. - ! ( ) ’
. 7 . - . . K-l ’VL':
we obtn.{n fnr the pr'on‘a;gator,.' ’ (e,‘d)' c‘d') T E A ‘;;.' ( ;a)
‘ . hea

. . - l ° .
The "important’ point about the factor .exp { =%/ )' is that if we approach
x2 from the appropnate (time~like) direction and £i11 in for the other
dlrectlons by an appropriate analytic continuation, iihe factor exp ( - ,Z.. )

‘tends to zero fantastically smoothly.







